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a b s t r a c t
Gaussian boson sampling is an alternative model for demonstrating quantum computational supremacy,
where squeezed states are injected into every input mode, instead of applying single photons as in the
case of standard boson sampling. Here by analyzing numerically the computational costs, we establish
a lower bound for achieving quantum computational supremacy for a class of Gaussian bosonsampling problems. Specifically, we propose a more efficient method for calculating the transition probabilities, leading to a significant reduction of the simulation costs. Particularly, our numerical results indicate that one can simulate up to 18 photons for Gaussian boson sampling at the output subspace on a
normal laptop, 20 photons on a commercial workstation with 256 cores, and about 30 photons for supercomputers. These numbers are significantly smaller than those in standard boson sampling, suggesting
that Gaussian boson sampling could be experimentally-friendly for demonstrating quantum computational supremacy.
Ó 2020 Science China Press. Published by Elsevier B.V. and Science China Press. All rights reserved.

1. Introduction
Recently, different approaches have been proposed [1–6] for
demonstrating the status of quantum supremacy [7,8] over classical computers, including sampling problems of commuting quantum circuits [9], random quantum circuits [5], linear optical
networks [3], and various variants [10,11]. These sampling problems are believed to be intractable for classical computers. However, in order to justify quantum supremacy, it is necessary to
verify the limits of classical computation, at least empirically. For
random-circuit sampling, Boixo et al. [5] claimed that if the scale
of quantum devices is greater than 50 qubits and depth 40, then
it would be impossible for any current classical devices to simulate
their specific random circuits. However, in the presence of noise,
efficient classical simulation is possible in polynomial time [12].
Since then, there have been many efforts trying to examine this
claim [13–17].
The original model of boson sampling [3] requires only linear
optical elements. However, a large number of identical single pho⇑ Corresponding authors.
E-mail addresses: yung@sustech.edu.cn (M.-H. Yung), sunxiaoming@ict.ac.cn
(X. Sun).
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tons are needed to be prepared as the input, which remains an
experimental challenge. Furthermore, in terms of encoding decision problems, boson sampling setup can be simulated efficiently
by classical means [18]. Later, Lund et al. [10] proposed an alternative model called Scattershot boson sampling (SBS). In the SBS
model, the single-photon source is replaced by squeezed lights.
Specifically, every mode of the linear optical network is injected
with half of a two-mode squeezed state, whose another half is used
for post-selection.
Furthermore, SBS model was improved in Ref. [11], where Gaussian boson sampling (GBS) model was formally introduced. Additionally, GBS can be further generalized as vibronic boson
sampling [19], inspired by the study of molecular spectrum. GBS
utilizes single-mode squeezed states (SMSS) as input, and there
is no need for post-selection. The output probability of GBS is
related to a matrix function called Hafnian, which, like permanent,
is also #P-hard to compute [20]. It should be emphasized that,
although GBS is proposed to ease the experimental challenges of
the standard one and SBS, it lacks the strong complexitytheoretic evidence of classical intractability. However, there are
good reasons to believe it to be a hard problem as well, as the Hafnian involved in GBS may be regarded as a generalization of permanent. In addition, there are lots of applications for Gaussian
boson sampling, such as solving graph-theoretic problems

https://doi.org/10.1016/j.scib.2020.02.012
2095-9273/Ó 2020 Science China Press. Published by Elsevier B.V. and Science China Press. All rights reserved.

833

B. Wu et al. / Science Bulletin 65 (2020) 832–841

[21–24], approximate optimization [25], molecular docking [26],
point processes [27], etc.
Experimentally, there are also significant progresses achieved
for boson sampling and its variants [28–37]. Especially, Wang
et al. [37] recently performed an experiment with 20 single photons fed into a 60-mode interferometer. Bentivega et al. [38] implemented the first SBS experiments, where six different photon-pair
sources are coupled to integrated photonic circuits. Zhong et al.
[35] implemented the first GBS experiments, and validated 5photon GBS with high sampling rates. Su et al. [34] found that
Gaussian state can be converted to non-Gaussian state using photon number-resolving detectors, and proposed using GBS devices
for the purpose of non-Gaussian state preparation.
In this work, we introduce a classical simulation algorithm for
2

GBS, with time complexity Oðmsinh r þ polyðnÞ28n=3 Þ, where m is
the number of modes, n is the number of output photons and r is
the squeezing parameter. If Oðm2n Þ memory is used to store and
recycle the intermediate calculations, the time complexity can be
2

improved to Oðmsinh r þ polyðnÞ22n Þ. In our simulation model,
each mode of the linear optical network is injected with an SMSS
with a identical squeezing parameter (see Fig. 1). The source code
of our algorithm is provided in Ref. [39].
Our simulation algorithm can be divided into two steps. In the
first step, n photons are sampled with time polynomial in the number of modes m. In the second step, an output configuration
s ¼ ðs1 ;    ; sm Þ is sampled for some fixed n, where sj is the photon
number in the j-th mode.
The second step uses a similar idea of the algorithm in Ref. [40],
which considers classical simulation of the standard boson sampling. In this step, the output configuration is sampled elementwisely from the conditional probability distribution. However,
the form of conditional probabilities here is more complicated than
the one in Ref. [40], since calculating Hafnian might be harder than
calculating permanent [20]. Nevertheless, we give a method to
decompose a large Hafnian (and the square of its modulus) into
pieces of smaller Hafnians and permanents, so that we can speed
up the calculation of marginal probabilities. In this way, we can
sample a configuration much more efficiently than the bruteforce sampling.
Note that complexity is an asymptotic notion, and any classical
simulation algorithm for GBS is believed to become infeasible to
run for a large photon number n. Therefore, "to simulate n photons" means to output an n-photon configuration according to
the output probabilities of the GBS device in a reasonable amount
of time [7], which, in our work, is set to be about two days (in
terms of sampling rate: 106 Hz). It is of interest to examine the
largest number of photons that can be sampled in the given time.

For the second step, we can simulate 18 photons on a laptop,
and 20 photons on the HuaWei Kunlun server with 256 cores.
The sampling rates for simulating 18/20 photons are 2:65  105
and 7:72  106 Hz, respectively. As a comparison, using the
brute-force method, we can only sample 6 photons on a laptop.
Based on the simulation result, Sunway TaihuLight is estimated
to be able to sample 30 photons with sampling rate 5:81  105 Hz.
On the other hand, there are some other classical simulations
for the boson sampling problems. For standard boson sampling,
Neville et al. [41] performed a simulation for sampling 30 photons
approximately on a laptop and 50 photons on a supercomputer,
based on Metropolised independence sampling algorithm,
restricted on the collision-free regime (i.e., the regime where the
probability of observing more than one photons in one mode is sufficiently small). At the same time, Clifford et al. [40] introduced an
Oðn2n Þ time classical simulation algorithm to produce one sample
of the output distribution of BS. On the other hand, there are also
works considering the simulability of boson sampling under noise
or other extensions [42–44].
As for GBS, Quesada et al. [45] introduced a GBS model with
threshold detector, which only detects whether the photons exist
or not in one mode, and gave an Oðm2 2n Þ time classical sampling
algorithm for m modes and n clicks, where a click happens when
there are photons being detected in one mode. But note that their
algorithm requires exponential space. Recently, they performed an
actual implementation of their algorithm on the Titan supercomputer [46]. They can simulate a problem instance with 800 modes
and 20 clicks using 240,000 CPU cores in about 2 h. In addition, in
the presence of noise, Qi et al. [47] gave sufficient conditions for
simulating GBS.
2. Background of Gaussian boson sampling
2.1. Probability of generating n photons
GBS refers to the procedure of sampling photons from a linear
optical network supplied with Gaussian input states [6], including
SMSS as a special case. An SMSS j/i is zero-mean and can be written as a superposition of only even-photon Fock states [48]:

j/i ¼

X

cs ðrÞjsi;

ð1Þ

s even
1
where the coefficients jcs ðrÞj2 ¼ coshðrÞ



s

tanhðrÞ
2

s!
ððs=2Þ!Þ2

depend on the

squeezing parameter r.
Suppose an SMSS with identical squeezing parameter r is
injected into all m modes of the optical network, and we use m
to denote the number of modes of optical network. The input state
is then given by,

ðj/iÞm ¼

X
cs ðrÞjsi;

ð2Þ

s

where s ¼ ðs1 ; . . . ; sm Þ represents one of the configurations with sj
being the photon number in the j-th mode, and cs :¼ cs1    csm .
P
 i :¼ s þþsm ¼n cs jsi to represent the (unnormalLet us denote jn
1
ized) superposition of all input configurations of n photons. Then
we can also write the input state as,

ðj/iÞm ¼

X
 i;
jn

ð3Þ

n

 i equals the probability of generating
where the normalization of jn
n photons from ðj/iÞm , denoted as Pn , i.e.,
Fig. 1. (Color online) A conceptual figure of Gaussian boson sampling considered in
this work. The input is m single-mode squeezed states with identical squeezing
parameters r, which are injected into a linear optical network U with m modes.

 jn
i ¼
Pn :¼ hn

X
s1 þþsm ¼n

jcs j2 :

ð4Þ
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is a n  n matrix. For example, suppose W :¼ ðwij Þ is a 6  6 matrix
and s ¼ ð1; 1; 0; 2; 0; 0Þ. Then

2.2. Probability of photon configuration
Next, suppose the action of the optical network is denoted by a
unitary transformation U. Then the output state is given by
Uðj/ih/jÞm U y . The output probability pðsÞ ¼ pðs1 ;    ; sm Þ ¼
Tr½Uðj/ih/jÞm U y jsihsj for measuring a particular configuration jsi
can be expressed as,

X
 ihn
 0 jU y jsihsj
pðsÞ ¼
Tr½Ujn

0

w11

Bw
B 21
Ws ¼ B
@ w41
w41

w12

w14

w22

w24

w42
w42

w44
w44

w14

1

w24 C
C
C:
w44 A

ð12Þ

w44

We leave the detailed derivation in Supplementary materials.

n;n0

X
 ihn
 0 jU y jsi:
hsjUjn
¼

ð5Þ

3. Materials and methods

n;n0

Since optical transformation preserves photon number, the
summand is non-zero only if n ¼ n0 ¼ s1 þ    þ sm . Consequently,
 2 . Suppose we further define
we can compactly write pðsÞ ¼ jhsjUjnij

pn ðsÞ :¼

ij2
jhsjUjn
;
 jn
i
hn

ð6Þ

to be the probability of measuring the configuration jsi if n photons
are generated from ðj/iÞm , then we can obtain the following:

 ij2
jhsjUjn
 jn
i
pðsÞ ¼ hn
¼ Pn  pn ðsÞ:


hnjni

ð7Þ

Note that pn ðsÞ is similar to that of the standard boson sampling
(boson sampling with Fock state input), except that the input state
 i is however a superposition of Fock states with n photons.
jn
2.3. Probability in terms of Hafnian
On the other hand, when all of squeezing parameters equal to r,
the output probability pðsÞ ¼ pðs1 ;    ; sm Þfor each configuration jsi
can be expressed explicitly through Hafnian (see the Supplementary materials for details)
n

pðs1 ;    ; sm Þ ¼

tanh ðrÞ
jHafðW s Þj2 :
m
s1 !    sm !cosh ðrÞ

ð8Þ

Here the symbol ‘‘Haf” stands for Hafnian, which is a matrix
function similar to permanent and determinant. The Hafnian of a
symmetric n  n matrix V is defined by (n must be even)
n=2
XY

HafðVÞ :¼

3.1. Step 1: sampling n-photon distribution
Recall that Pn ¼ 0 for odd n. For even n, the distribution P n is
given by the negative binomial distribution [6,50],

Pn ¼

mþn
2

1

n
2

!

n

tanh ðrÞ
;
m
cosh ðrÞ

ð13Þ

P
and 1
n¼0 P n ¼ 1. In principle, one needs to include n from 0 to infinity, i.e., f0; 2; 4;    ; 1g. However, the probability of measuring photon numbers that is much larger than the most probable photon
j
k
2
number [6] nmost ¼ 2 ðm=2  1Þsinh r is very small. In other
words, one can consider a cutoff value given by c nmost for some constant c. For example, the most probable number of photons is about
pﬃﬃﬃﬃﬃﬃﬃﬃ
pﬃﬃﬃ
n when we set r ¼ lnð1 þ 1=nÞ, and about m when we set
pﬃﬃﬃ
r ¼ lnð1 þ 2Þ [6]. We plot Pn in Fig. 2 for the these two cases,
where we set the number of modes to be m ¼ 36, such that the
pﬃﬃﬃ
pﬃﬃﬃ
squeezing parameters are lnð1 þ 1= 6Þ (Fig. 2a) and lnð1 þ 2Þ
(Fig. 2), respectively. In the following, we will impose a truncation
to the distribution fPn g. Suppose we sample n photons by distribu2

Vðr2j1 ; r2j Þ;

ð9Þ

r2Mn j¼1

where Mn is the set of all perfect matchings of ½n :¼ f1; 2; . . . ; ng
and Vði; jÞ is the ði; jÞ-th element of V. For example, when n is equal
to 4, M4 ¼ fð12Þð34Þ; ð13Þð24Þ; ð14Þð23Þg, where ðijÞ is a matching
pair, and thus

HafðVÞ ¼ Vð1; 2ÞVð3; 4Þ þ Vð1; 3ÞVð2; 4Þ þ Vð1; 4ÞVð2; 3Þ:

tion (14). The expectation of distribution (14) is l ¼ m2  sinh r,
which is of the same order of nmost . Then by Chernoff bound, we
have,

Prðn P ð1 þ dÞlÞ 6 exp 

ld2
3

cal algorithm for Hafnian takes time Oðn3 2n=2 Þ [20].
Next, the matrix W s is constructed from another m  m matrix
(here U refers to the m  m unitary acting on the single-photon
subspace)

ð11Þ

in the following way: first, we take sj copies of the j-th column of W
to form a m  n matrix, i.e., with m rows and n columns. Then, we
take sj copies of the j-th row of the m  n matrix to form W s , which

!

;

which implies

ð10Þ

Hafnian is permutation invariant from its definition. That is, we
can first interchange two columns of V, and then interchange the
corresponding rows, and the Hafnian of the new matrix will
remain the same. Similar to permanents, exact computation of
matrix Hafnian is #P-hard [49], which implies GBS for the same
squeezing parameters is also classically intractable; the best classi-

W :¼ UU T ;

Our classical algorithm consists of two steps. The first step is
sampling n photons according to P n , and the second step is sampling the configuration s according to pn ðsÞ. Although the time
complexity of our sampling algorithm is exponential, it has a great
advantage compared to brute force sampling algorithm. We also
give some numerical results for our algorithm as well as an estimation of the classical limit.

Prðn P ð1 þ d0 Þnmost Þ 6 exp 

ld2
3

ð14Þ

!
;

ð15Þ

where d0 ¼ ð1þdÞm=2
. Thus let N :¼ cnmost for some constant c is
m=21
enough to guarantee the precision of our approximation.
For each n in this set, we calculate P n , which can be done in
polynomial time. After that, we renormalize fP0 ; P2 ;    P N g to make
the truncated set a real probability distribution. Since there are
N=2 probabilities, we can sample an even n in Oðnmost Þ time, which
is linear in m.
3.2. Step 2: change of basis
Now, our task is to sample an s from distribution pn ðsÞ. From
Eqs. (8) and (13), one can get the explicit form of pn ðsÞ, which
becomes independent of the squeezing parameter r:
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pﬃﬃﬃ
Fig. 2. (Color online)
pﬃﬃﬃ Probabilities of generating n photons (n is even) from m ¼ 36 SMSS with a squeezing parameter (a) r ¼ 0:3423  lnð1 þ 1= 6Þ and (b)
r ¼ 0:8814  lnð1 þ 2Þ.

pn ðsÞ ¼

pðsÞ
¼
Pn

1
s1 !    sm !

mþn
2

1

! jHafðW s Þj2 :

ð16Þ

n
2

3.3. Step 3: sampling from marginal distribution

Previously, we were working with second quantization in the
Fock space. But for the purpose of our algorithm, we will change
to first quantization. In other words, we consider the photons
states are symmetrized in a certain basis as follows. Denote
jxi :¼ jx1 x2    xn i to be the position basis of photons, where
xi 2 f1; . . . ; mg denotes the output mode of the i-th photon. For
identical particles like photons, we will have the following relation,

1 X0
jsi ¼ pﬃﬃﬃﬃﬃﬃ
jxi;
Np x

ð17Þ
P0

where the summation
is over those jxi’s that match the configuration jsi and N p :¼ n!=ðs1 !    sm !Þ is the number of terms in the
summation. For example, suppose s ¼ ð1; 1; 0; 2; 0; 0Þ and then the
corresponding x can be ð1; 2; 4; 4Þ; ð2; 1; 4; 4Þ; ð4; 1; 2; 1Þ, etc.
P
Then, the output state Uðj/iÞm ¼ s ~cs jsi can be written in the
position basis,

X ~cs
X ~cs X0
pﬃﬃﬃﬃﬃﬃ
pﬃﬃﬃﬃﬃﬃ jxi;
jxi ¼
N
Np
p x
s
x

ð18Þ

 i. Here, the two summation of the left-hand side
where ~cs :¼ hsjUjn
exhaust all possibilities of x, so we use summation over all x on
the right. Note that qðxÞ :¼ j~cs j2 =N p is the probability of measuring
jxi. Similar to pn ðsÞ, we can define a conditional probability
qn ðxÞ :¼ qðxÞ=P n , whose explicit form is,

1
qn ðxÞ ¼ jHafðW s Þj2 ;
fn

are N p number of x’s that give the same s, the probability of sampling an s with this method is qn ðxÞN p , that is pn ðsÞ.

ð19Þ

We now focus on sampling from the distribution qn ðxÞ. Similar
to Ref. [40], one can always decompose the distribution qn ðxÞ as
follows,

qn ðx1 ;    ; xn Þ ¼ qn ðx1 Þqn ðx2 jx1 Þ    qn ðxn jx1 ;    ; xn1 Þ;

which implies that we can obtain a sample ðx1 ;    ; xn Þ by sampling
sequentially from each conditional distribution,

qn ðxk jx1 ;    ; xk1 Þ ¼

qn ðx1 ;    ; xk Þ :¼

ð20Þ

Note that W x is symmetric, because W is symmetric as can be
easily verified from its definition. In Supplementary material, we
will show that although W x – W s , their Hafnians are the same:
HafðW x Þ ¼ HafðW s Þ. Therefore, we have

qn ðxÞ ¼

1
jHafðW x Þj2 :
fn

ð21Þ

Moreover, this fact yields pn ðsÞ ¼ qn ðxÞN p , which implies that we
can sample an x from qn ðxÞ, and then read an s from x. Since there

ð23Þ

X

qn ðx1 ;    ; xn Þ:

ð24Þ

xkþ1 ;...;xn

In other words, to sample from the distribution qn ðxÞ, our main
task is to evaluate many marginal probabilities qn ðx1 ;    ; xk Þ.
Explicitly, after obtaining a sequence, ðx1 ; x2 ;    ; xk1 Þ, to sample
the position of the k-th photon, xk , we need to evaluate m conditional probabilities qn ðxk jx1 ;    ; xk1 Þ for all xk 2 ½m 2. In total, mn
conditional probabilities (or marginal probabilities) are needed to
sample a full string x.
From Eq. (21), each marginal probability involves a total of mnk
terms,

qn ðx1 ;    ; xk Þ /

X

jHafðW x Þj2

ð25Þ

xkþ1 ;...;xn

¼

X

n=2
X Y

xkþ1 ;...;xn r;s2Mn j¼1

2

W x ði; jÞ :¼ Wðxi ; xj Þ:

qn ðx1 ;    ; xk Þ
;
qn ðx1 ;    ; xk1 Þ

where the marginal probability is defined by

 mþn

1
where f n :¼ n! 2 n
. It is proved in Supplementary materials

that qn ðxÞ indeed forms a probability distribution. One can see that
if jxi and jx0 i correspond to the same configuration jsi; qn ðxÞ ¼ qn ðx0 Þ.
In the expression of qn ðxÞ, the Hafnian part is a function of s, but
we can change it to a function of x. Define W x by

ð22Þ

Wðxr2j1 ; xr2j ÞW  ðxs2j1 ; xs2j Þ:

ð26Þ

Here, we use r to label the variables appearing in W and s to
label those in W  . According to Ref. [20], the time complexity of
computing the Hafnian of a n  n matrix is Oðn3 2n=2 Þ, so computing
qn ðx1 ;    ; xk Þ by directly computing mnk HafðW x Þ is of course
costly. However, we shall show that one can eliminate many terms
by breaking each Hafnian jHafðW x Þj2 into many pieces of smaller
sub-Hafnians. In this way, one can achieve a significant speedup
compared with the brute-force sampling algorithm (see Section 4
for a comparison). In Brute-force sampling, we divide the interval


mþn1
½0; 1 into
intervals, where the length of each interval
n

2

½m represents set f1; . . . ; mg.
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is given by pn ðsÞ. Each time we uniformly randomly sample a value
from ½0; 1, and output the corresponding interval as a sample of
GBS. The detailed description and analysis of brute-force algorithm
is in Supplementary materials.
In summary, in our Algorithm 1, the time complexity for one
sample is OðpolyðnÞ28n=3 Þ if the intermediate values of the subHafnians are not recycled. If we use Oðm2n Þ space to store those
sub-Hafnians, we can avoid many repeated computations, reducing
the runtime to OðpolyðnÞ22n Þ (see the Supplementary materials for
more details). For our purpose, we would call the former
‘‘polynomial-space algorithm” and the latter ‘‘exponential-space
algorithm”. Algorithm 1 shows a short version of the pseudocode
of our classical simulation algorithm (see the Supplementary materials for more details).

Algorithm 1: Sample an s from pn ðsÞ in OðpolyðnÞ28n=3 Þ time
and polynomial space.

four matrix elements of W. In this way, each term in the expansion
of HafðW x Þ corresponds to a perfect matching of fxi g, and we can
represent HafðW x Þ pictorially as Fig. 3c.
Now for a desired marginal probability qn ðx1 ;    ; xk Þ that we
want to calculate, we may partition the vertex set fxi g into two,
R and T, where R contains the vertices fx1 ;    ; xk g and T contains
the remaining vertices, so that vertices in T will be summed over.
We can classify the edges into three categories: edges inside R,
edges inside T, and edges across R and T. Fig. 3b is an example
for one perfect matching in the case k ¼ 4. In this example,
ðx2 ; x7 Þ and ðx4 ; x8 Þ are interconnected edges while the other two
are entirely in R or T.
Let X i be the set fx1 ; x2 ;    ; xi g. Let a be a vector with elements
drawn from X k without replacement. We use Ra to denote both the
complete subgraph with vertices specified by a and the corresponding adjacency matrix. For example, for a ¼ ðx1 ; x3 Þ; Ra is a
complete sub-graph of vertices x1 and x3 , whose adjacency matrix
is,



Ra ¼

Wðx1 ; x1 Þ Wðx1 ; x3 Þ
Wðx3 ; x1 Þ Wðx3 ; x3 Þ


;

ð27Þ

as the weight of the edge ðxi ; xj Þ is given by Wðxi ; xj Þ. We can similarly define T a0 , which is a complete sub-graph of T with vertices
specified by a vector a0 , whose elements are in the set X n n X k , i.e.,
xj for j > k. Now, let us consider the interconnected edges. Let e
be a vector with elements drawn from X k and e0 be another vector
with elements drawn from X n n X k . Then define Ge;e0 to be a complete
bipartite sub-graph of G with vertices specified by e and e0 (no selfloops) and we will use the same notation Ge;e0 to denote its biadjacency matrix3. For example, suppose e ¼ ð2; 4Þ and e0 ¼ ð7; 8Þ, and
then



Ge;e0 ¼
3.4. Step 4: simplification of marginal probabilities
In the following, we will show how each of the marginal probability qn ðx1 ;    ; xk Þ can be simplified for reducing the computational cost. The main idea of the simplification is to split the
Hafnian of the original large matrix to Hafnians and permanents
of some small matrices. Our simplification process can be visualized after defining a set of rules for the graph manipulation.
3.4.1. Hafnian and graph
There is a close relation between Hafnian and weighted perfect
matchings of graph, which we summarize in Fig. 3. Below, unless
otherwise stated, we shall refer to a complete graph as an undirected graph with vertices connected to every other vertices and
to itself, i.e., a standard complete graph with selfloops. Moreover,
since W x is symmetric, it can be viewed as the adjacency matrix
of a complete graph with n vertices fxi g and weighted edges, where
the weight of each edge ðxi ; xj Þ equals Wðxi ; xj Þ (for example, see Eq.
(12)). For the sake of illustration, we may use the same notation to
denote a graph and its adjacency matrix. Note that the weight
Wðxi ; xj Þ here could be a complex number. This is not standard,
but helps us visualize our simplification process. Now we are ready
to present the first two rules:
Rule 1 An edge ðxi ; xj Þ symbolizes the matrix element Wðxi ; xj Þ.
Rule 2 When multiple disjoint edges are put together, it represents the product of the corresponding matrix elements.
Fig. 3b gives an example of a perfect matching of the vertices
fxi g, which is a set of disjoint edges that exactly connect every vertices, and according to Rule 2, it can be translated to the product of


Wðx2 ; x7 Þ Wðx2 ; x8 Þ
:
Wðx4 ; x7 Þ Wðx4 ; x8 Þ

ð28Þ

In the remaining part of this paper, we may use a set as a vector
(with indices in an increasing order). For example, the set
fx2 ; x1 ; x5 ; x3 g will be viewed as a vector ðx1 ; x2 ; x3 ; x5 Þ.
Now, we are ready to show how a Hafnian of a big matrix can be
broken into Hafnians and permanents of small ones.
3.4.2. Summation path
Next, we will present the key idea of our simplification process.
In the expression of qn ðx1 ;    ; xk Þ, we are actually dealing with
jHafðW x Þj2 , so we have two graphs to manipulate, W x and W x . Correspondingly, we could define R and T  to be the counterpart of R
and T, respectively. Recall that variables in T i and T i are those to be
summed over in the expression of qn ðx1 ;    ; xk Þ.
By the definition of W, we know that it is unitary, which means,

X
0
0
Wði; jÞW  ði; j Þ ¼ dðj; j Þ:

ð29Þ

i

This gives us the third rule:
Rule 3 Summation over variables in T and T  induces a ‘‘path”,
which can be replaced by an edge of the two endpoints.
We shall use a simple example to explain this rule. On the left
hand side of Fig. 4, when the three solid orange edges are put
together, it represents W  ðx3 ; x5 ÞWðx5 ; x8 ÞW  ðx8 ; x1 Þ, according to
Rule 2. Then we sum over x5 and x8 , which induces two dashed
lines and form a path connecting these four variables (which we
call a ‘‘summation path”). Using Eq. (29), we have the following
relation,


3

The adjacency matrix of Ge;e0 is

0
GTe;e0

Ge;e0
0
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Fig. 3. (Color online) Connection between Hafnian and weighted perfect matchings of a graph. (a) W x can be viewed as an adjacency matrix; (b) a term in the expansion of
HafðW x Þ corresponds to a perfect matching of the vertices fxi g; (c) visualization of the expansion of HafðW x Þ.

Fig. 4. (Color online) Summation induces a path, which can be replaced by an edge connecting the two endpoints.

X

W  ðx3 ; x5 ÞWðx5 ; x8 ÞW  ðx8 ; x1 Þ ¼ W  ðx3 ; x1 Þ:

ð30Þ

Lemma 1. According to the endpoints of the summation path, there
are the following four possibilities:

The left-hand side represents a summation path with endpoints
x1 and x3 , and the right-hand side represents an edge ðx1 ; x3 Þ in R ,
according to Rule 1. This equality means such a summation path is
equivalent to an edge.

1. if both endpoints are in R, then applying Rule 3 gives an edge in R,
which represents Wðxi ; xj Þ with i; j 6 k;
2. if both endpoints are in R , then applying Rule 3 gives an edge in R ,
which represents W  ðxi ; xj Þ with i; j 6 k;
3. if one in R and another in R , then it gives dðxi ; xj Þ with i; j 6 k;
4. if no endpoints in R or R , then it gives a number.

x5 ;x8

In the expansion of jHafW x j2 , each term is associated with
one perfect matching in W x and one perfect matching in W x .
So there are n edges pictorially; see Fig. 5 for an example. Applying Rule 3, we can substantially reduce the number of remaining
edges, simplifying the calculation of the marginal probability.
Following a similar calculation to Eq. (30), we derive the following lemma.

In the expansion of the marginal probability, there are many
terms like Fig. 5, and there are two layers of summation (Eq.
(26)). One is the summation over variables in T (T  ), which induces
summation path and leads to some level of simplification. The
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one element in A different from all elements in B, then one row
in SA;B will be all zero, which means PerðSA;B Þ will also be zero.
Now in the collision-free regime, in order for SA;B not to have an
all-zero row, it should be that for every element xi 2 A, there is also
an xi 2 B. That is, PerðSA;B Þ – 0 if A ¼ B. Furthermore, there is at
most one 1 in each row in this regime, which implies the permanent is either 0 or 1. So we have the following proposition.
Proposition 1. In the collision-free regime,


PerðSA;B Þ ¼

1; if A ¼ B;
0;

otherwise:

ð32Þ

4. Numerical results
In the numerical simulation, the number of modes is set to be
the square of photon number, that is m ¼ n2 . Using our algorithm,
Fig. 5. (Color online) One term in the expansion of qn ðx1 ;    ; xk Þ.

other is the summation over perfect matchings of W x and W x ,
which allows us to group the remaining terms after applying Rule
3. This eventually gives us an theorem, stating that the marginal
probability can be decomposed into summation over small Hafnians and permanents.
Theorem 1. The marginal distribution of the sequence ðx1 ;    ; xk Þ
from the distribution qn ðxÞ can be expressed as follows,

qn ðx1 ;  ;xk Þ ¼

X

X ðlÞ X
Fj
PerðSA;B ÞHafðRe ÞHafðRe0 Þ;
l2Sl
A; B
e; e0

HafðRa ÞHafðRa0 Þ

j1 ; j2
a; a0



nkþlþm
2

ð31Þ

. The ranges

1
k  j1  j2 þ m2  1
of the summation variables are as follows: (1) j1 and j2 are both inte



Xk
Xk
and a0 2
; (3)
gers from maxð0; k  2nÞ to 2k; (2) a 2
2j1
2j2
Sl fl 2 N : ð3k  2ðj1 þ j2 Þ  nÞ 6 l 6 k  2 maxðj1 ; j2 Þ; k l mod 2g




Xk n a
Xk n a
is the range of l; (4) A 2
and B 2
; (5)
ðlÞ

where F j

:¼ f1 Fðk; l; j1 ; j2 Þ ¼ ðnkÞ!
f
n

n

l

l

e ¼ X k n fa [ Ag and e0 ¼ X k n fa0 [ Bg. SA;B is defined as
SA;B ði; jÞ dðAi ; Bj Þ.
 
S
In this theorem,
denotes the set of all possible combinai
tions of i elements from the set S. As an example,
 
X3
¼ fðx1 ; x2 Þ; ðx1 ; x3 Þ; ðx2 ; x3 Þg. HafðRa Þ and HafðRa0 Þ are formed
2
by those edges not involving in the summation path. HafðRe Þ is
from case 1 in Lemma 1 and HafðRe0 Þ is from case 2. PerðSA;B Þ is from
case 3 and Fðk; l; j1 ; j2 Þ is the summation of all numbers simplified
from case 1, 2, 3 and 4. However, the proof is actually rather
involved, and we leave it in Supplementary materials4.
If we restrict to the collision-free regime, i.e., the regime that
xi – xj , then the expression of qn ðx1 ; . . . ; xk Þ can be further simplified. In Theorem 1, by the definition of SA;B , PerðSA;B Þ can be computed in OðmÞ time complexity and OðmÞ space complexity (We
leave the calculations in Supplementary materials.). If there are
4
One may notice that the form of Theorem 1 is similar with a result in Ref. [51].
However, the proofs are totally different. We restate the result of Ref. [51] as Lemma 2
in Supplementary materials and give the proof of this lemma for completeness.

we can sample 18 photons with sampling rate 2:65  105 Hz on a
laptop. As a comparison, we can only sample 6 photons on the
same laptop using the brute-force sampling. Fig. 6a shows the
comparison of the sampling rates of brute force sampling and of
our polynomial-space algorithm. The data points of actual sampling rates of our algorithm for n 6 14 and of brute-force sampling
are from 300 repetitions. For n > 6, we give an estimation of the
sampling rates of the brute-force sampling, which is much more
slower than that of our algorithm. Fig. 6b presents the comparison
of actual sampling rates and estimated rates for our polynomial
space algorithm. The figure shows that our estimation is close to
the actual case.
To check that our algorithm outputs the right results, we compared the distribution generated by our algorithm and the distribution from brute-force sampling for n ¼ 4 and m ¼ 16, as shown in
Fig. 7. To restore the original distribution for our sampling algorithm as much as possible, we sample 400,000 times independently, which is enough to approximate the original distribution
with 0.0022 additive error and 0.01 failure possibility by Claim 1
in Supplementary materials. The horizontal axis is  ln p and the
vertical axis is Prð ln pÞ. From Fig. 7a, we find the distributions
by the two sampling algorithms are both close to the theoretical
values when the probability p is not too small. On the other hand,
when p is small, the distribution values by our algorithm and by
brute-force sampling are consistent with each other. In Fig. 7b,
we list the comparison of distribution of our algorithm and theoretical values.
Together with the first part of our classical sampling process
(sample a photon number n, in which we set N ¼ 50nmost .), we give
the frequencies of each output mode for photon number > 1 and
¼ 1 after independently performing our GBS simulating Algorithm
1 times, in which m ¼ 36 in Fig. 8. From Fig. 8 we know when r is
small enough, the settings can be restricted to collision-free. As

pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
depicted in the rightmost figure of Fig. 8, r ¼ ln 1 þ 1=m
(which is approximate to 0:2 here) is enough to guarantee the
non-collision condition. Since the collision-free setting is more
experimentally-friendly, we expect that our results will stimulate
further experimental progresses.
To estimate the sampling rates on high-performance computers, we first benchmark the running time of calculating Hafnians
and permanents on a laptop, and then estimate the sampling rates
directly from Theorem 1. The results are shown in Fig. 6b (yellow
dashed line). We can see that the estimated sampling rates for
2–18 photons are consistent with the actual sampling rates on
our laptop, justifying our estimation. After that, we can transform
the estimated sampling rates into the required basic operations
and results for photon number 20–30 are presented in Table 1.
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n

n

-ln

Fig. 6. (Color online) (a) Comparison of the sampling rates of brute force sampling and our exponential space algorithm (both full space and collision-free space). (b)
Comparison of the actual sampling rates with the estimated one.

-ln

Fig. 7. (Color online) (a) Comparison of the distribution from our classical simulation algorithm (blue), brute-force sampling (green) and theoretical calculation (yellow)
when n ¼ 4 and m ¼ 16, when p is not too small. (b) Similar comparison when p is small.

Fig. 8. (Color online) Comparison of frequencies for different photon numbers of each mode after independently sampling 300 times, in which m ¼ 36, and (a) r ¼ 0:3423, (b)
r ¼ 0:2.

Table 1
Estimation of non-paralleled sampling rates, basic operations and sampling rates on
Sunway TaihuLight for even photons ranging from 20 to 30 by Alg. 1 with polynomial
space.
Photons

Estimated rates
(nHz)

Basic
operations

20

107

4:28  10

2:34  10

22

8

5:74  1016

24

0.6

7:59  10

1:74  103
132

26

0.046

9:96  1018

10.04

28

0.0035

1:3  1020

0.77

30

0.00027

1:72  1021

0.058

15

17

Estimated rates on Sunway
(mHz)
4

We only consider the polynomial-space algorithm here, since
the exponential-space algorithm requires massive inter-process
communication, thus increasing time cost significantly. Besides,
the polynomial-space algorithm allows parallel implementation.
From this estimation, we predict that Sunway TaihuLight [52],
which can implement 1017 floating-point operations per second,
can sample about 30 photons within one day.
The comparison of classical simulation limits for several different setups of linear optics is presented in Table 2, in which we
show both the limits of standard laptop and supercomputer. Based
on our estimation, our GBS algorithm may have better performance than the one in Ref. [45] in the collision-free regime.
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Table 2
Comparison of the classical-simulation limit of several different setups of linear optic network experiment, where n; m; r denote the number of photons, the number of modes, and
the corresponding sampling rates, in the unit of lHz respectively. The label  above the supercomputers means the sampling rate is estimated in this supercomputer, otherwise it
is the numerical result.
Classical limit (n; m; r)

BS [41]

Non-parallel
Supercomputer

GBS

(30, 900, 556)
ð50; 2500; 0:12Þ

(Tianhe )

To check the correctness of our analysis for large-scale parallel
computation in Sunway TaihuLight, we test our algorithm on the
HuaWei KunLun server for sampling a configuration for 20 photons, with 256 cores and CPU frequency 2:3  108 Hz. The actual
sampling rate is about 7:72  106 Hz, with average parallelism
325. The actual sampling rate on the HuaWei Kunlun server is 4
times less than our estimation since some extra operations for parallel process are required. However, this shall not affect our estimated sampling rates for Sunway TaihuLight in the order of
magnitude.
5. Conclusions
In this paper, we study the Gaussian boson sampling problem
and propose a polynomial-space classical algorithm with time
2

complexity Oðmsinh rÞ þ OðpolyðnÞ28n=3 Þ, which is far more efficient than the brute-force sampling method. The time complexity
2

of our algorithm can be improved to Oðmsinh rÞ þ OðpolyðnÞ22n Þ
if exponential space is used to store intermediate calculation
results. Nevertheless, our numerical results implies the above
two bounds are far from tight. In Supplementary materials, we also
give a comparison of actual executed operations with the theoretical bounds.
We benchmark our algorithm on a laptop and on Huawei Kunlun server. The former can sample 18 photons with sampling rate
2:65  105 Hz while the latter can sample 20 photons with sampling rate 7:72  106 Hz. Based on our algorithm, Sunway TaihuLight is estimated to be able to sample about 30 photons. These
numbers are smaller than that of standard boson sampling, which
suggests that GBS may be more feasible for demonstrating quantum computational supremacy. These results can be applied to
benchmark quantum supremacy, before practical quantum algorithms [53] are demonstrated with near-term quantum devices.
Note: Recently, Quesada et al. [54] independently presented a
classical simulation algorithm for general GBS, where they can
simulate about 14 photons and 100 modes in about 103 seconds
(i.e., with sampling rate 103 Hz).
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