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Abstract Edge extraction is an indispensable task in digital image processing. With the sharp increase in
the image data, real-time problem has become a limitation of the state of the art of edge extraction algorithms.
In this paper, QSobel, a novel quantum image edge extraction algorithm is designed based on the flexible
representation of quantum image (FRQI) and the famous edge extraction algorithm Sobel. Because FRQI
utilizes the superposition state of qubit sequence to store all the pixels of an image, QSobel can calculate the
Sobel gradients of the image intensity of all the pixels simultaneously. It is the main reason that QSobel can
extract edges quite fast. Through designing and analyzing the quantum circuit of QSobel, we demonstrate that
QSobel can extract edges in the computational complexity of O(n2 ) for a FRQI quantum image with a size of
2n × 2n . Compared with all the classical edge extraction algorithms and the existing quantum edge extraction
algorithms, QSobel can utilize quantum parallel computation to reach a significant and exponential speedup.
Hence, QSobel would resolve the real-time problem of image edge extraction.
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1

Introduction

As a novel computing model, quantum computation can help store, process, and transfer information
using the unique properties of quantum mechanics [1] such as the superposition state and the entangled
state. Since 1982 when Feynman first proposed this concept [2], quantum computation has become a
hot science topic. In recent years, we have witnessed significant theoretical improvements and some
encouraging experimental results in this field. Especially, in 1994, Shor [3] designed a quantum integer
factoring algorithm to find the secret key encryption of RSA (R. Rivest, A. Shamiv and L. Adleman) in
polynomial time; meanwhile, in 1996, Grover [4] explored a quantum search algorithm for a database,
which can reach quadratic speed. After these two most representative quantum algorithms, the excellent
results motivated more researchers to explore the quantum world. Meanwhile quantum computation is
considered to be a promising candidate to overcome the limitations of classical computing.
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Image edge extraction is an important technology of digital image processing [5]. It lies at the core of
many applications such as pattern recognition, machine vision, feature detection and web retrieval. With
the development of image sensors, the number of images has become huge and the size of images larger.
Owing to the often overwhelming computational complexity of state-of-the-art algorithms, it is necessary
to find better ways to store and process digital images with high accuracy and high real-time.
To cope with this problem of image edge extraction algorithms, the combination of quantum computation with image processing has been extensively investigated in the past decades. There are some
researches on how to use quantum mechanics to store and process digital images, such as qubit lattice
[6,7], entangled image [8,9], real ket [10], and a flexible representation of quantum image (FRQI) [11].
Some quantum edge extraction algorithms [12,13] are proposed based on qubit lattice. Qubit lattice utilizes one qubit to store the color information of one pixel, therefore the qubit lattice-based edge extraction
algorithms have better accuracy and better robustness for noise. However, these algorithms cannot reduce the computational complexity, because qubit lattice does not utilize the parallel superposition state
of quantum mechanics to store images.
In this paper, QSobel, a novel quantum image edge extraction algorithm based on quantum image
model of FRQI is proposed. Because FRQI uses the superposition state of qubit sequence to store all the
pixels of an image, the same operations can be done on all the pixels simultaneously. QSobel utilizes this
excellent property of FRQI to calculate the Sobel gradients of the image intensity of all the pixels quite
fast. Therefore, QSobel can reach an exponential speedup compared to all the classical edge extraction
algorithms and the existing quantum edge extraction algorithms. Hence, QSobel would extract edges
with high real-time for the actual applications.
The rest of this paper is organized as follows: In Section 2, we discuss related work. Then Section
3 gives a brief introduction to Sobel edge extraction algorithm, which is a famous classical algorithm.
The theory and detailed design of QSobel are presented in Section 4. Tests and performance analyses of
QSobel are reported in Section 5. Finally, we draw conclusions and outline possible future research paths
in Section 6.

2

Related work

Recently, the merger of quantum computation and digital image processing has proved to be very fruitful
in dealing with the high accuracy and high real-time problems of the actual image processing applications.
There are four existing quantum image models to store and process images, including qubit lattice,
entangled image, real ket, and FRQI. In the model of qubit lattice [6,7], every pixel will be stored in
a single qubit and all the pixel operations will be changed into the relative quantum operations of one
qubit. Every quantum image will be represented as a qubit matrix. Entangled image [8,9] is similar with
qubit lattice, but it utilizes the entangled state of quantum mechanics to demonstrate the relationship of
pixels of images. The model of real ket [10] makes the image quartering iteratively and builds a balanced
quad-tree index. Every pixel will be mapped into a ground state of 4-dimensional index qubit sequence.
FRQI was proposed by Le et al. [11]. This quantum image representation model is expressed as Eq. (1)
for an image with size of 2n × 2n . In FRQI, the position information of every pixel is stored in a ground
state of 2-dimensional qubit sequence, and the color information is stored in the probability amplitude of
a qubit, which is entangled with the qubit sequence. Figure 1 shows an FRQI quantum image with size
of 4 × 4.
2 −1 2 −1
2 −1 2 −1
1 X X
1 X X
|Ii = n
(cos θY X |0i + sin θY X |1i) |Y Xi = n
|CY X i |Y Xi.
2
2
n

n

Y =0 X=0

n

n

(1)

Y =0 X=0

Qubit lattice and entangled image are the most similar to the classical digital images, and it is easy
to find the quantum equivalent operations of the classical image processing ones. The models of real ket
and FRQI utilize the superposition state of qubit sequence to store images, therefore they can process
https://engine.scichina.com/doi/10.1007/s11432-014-5158-9
the information of all the
pixels simultaneously. Compared with real ket, FRQI maintains a a pixel
matrix
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An FRQI quantum image with size of 4 × 4.

so that it is more suitable to design the quantum image processing algorithms, especially algorithms that
are relative to the pixel neighborhood window.
Image edge extraction is an important issue of digital image processing. In an image, the edges are
the pixels at which the color intensity of the image has discontinuities. Based on this property, there are
many famous edge extraction algorithms such as Sobel [14], Prewitt [15], Kirsch [16], Canny [17], and
wavelet-based edge detector [18]. In order to find all the discontinuous pixels, all the classical algorithms
need to analyze and calculate the gradient of the image intensity of every pixel. Therefore, none of them
can finish the whole work in the computational complexity of less than O 22n for an 2n × 2n image.
This is the main reason that the classical edge extraction algorithms will be low on real-time with the
sharp increase of the image data.
By now, there are some quantum edge extraction algorithms; in general, all the existing algorithms
are based on the model of qubit lattice. Tseng and Hwang [12] proposed an algorithm that combined
Sobel algorithm and the model of qubit lattice, but it was just a quantum equivalent algorithm of Sobel
and it has no performance improvements. Fu [13] utilized the theory of fuzzy entropy to extract edges
for an enhanced qubit lattice image, and the proposed algorithm could show more weak edges and have
better robustness for noise. Hence this quantum algorithm has a significant devotion to the medical
image processing. Although these quantum edge extraction algorithms may obtain better results than
the classical ones, they do not resolve the overwhelming computational complexity problem as the image
data increases because of qubit lattice model. Their computational complexities remain as still O 22n
for an 2n × 2n image.

3

Classical Sobel edge extraction algorithm

Sobel algorithm is one of the famous and representative classical edge extraction algorithms. Many
spinoffs and ramifications of Sobel algorithm have been applied widely. In this section, the theory of
Sobel will be briefly introduced as an example of the classical edge extraction algorithms [5,14].
Mask computation is a common technology to calculate a rather inaccurate approximation of the
gradient of the image intensity of every pixel, but it still sufficiently precise to be of practical use in
most applications. Sobel algorithm utilizes the pixel neighborhood window to calculate approximations
of the gradient of the image intensity. Figure 2(a) depicts the pixel neighborhood window. Sobel uses
the masks shown in Figure 2(b) and Figure 2(c) to calculate the two approximations of the derivatives,
one for horizontal changes, and one for vertical.
Firstly, Sobel will get approximations of the derivatives of X-axis and Y -axis, respectively. As shown
https://engine.scichina.com/doi/10.1007/s11432-014-5158-9
in Eq. (2), Gx and Gy denote
how to utilize the masks to calculate the two derivatives. Eq. (3) gives
the relationship of the gradient g and the two derivatives. By comparing with a gradient threshold T ,
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(a)The pixel neighborhood window; (b) and (c) are two masks of Sobel algorithm.

the pixel will be considered as a part of edge if g > T .
Gx = (p(Y + 1, X + 1) + 2p(Y + 1, X) + p(Y + 1, X − 1))
−(p(Y − 1, X + 1) + 2p(Y − 1, X) + p(Y − 1, X − 1)),
Gy = (p(Y + 1, X + 1) + 2p(Y, X + 1) + p(Y − 1, X + 1))

(2)

−(p(Y + 1, X − 1) + 2p(Y, X − 1) + p(Y − 1, X + 1)),
g = [G2x + G2y ]1/2 .

(3)

The main procedure is to calculate the intensity gradient of each pixel using the Sobel masks. Because
every pixel needs to be processed, the computational complexity of Sobel algorithm is O 22n for an
2n × 2n image. Similar to Sobel, other classical edge extraction algorithms would utilize different masks
or methods to calculate the approximation of the intensity gradients. Therefore, we can conclude that
all the classical algorithms cannot extract edges for an 2n × 2n image in computational complexity of less

than O 22n .

4

QSobel edge extraction algorithm

Based on Sobel edge extraction algorithm in section 3 and the quantum image model of FRQI, a novel
quantum edge extraction algorithm, which is named QSobel is designed in this section. Firstly, we define
two unitary operations of the shift transformations of FRQI. Then, the operations will be utilized to
calculate the intensity gradient of every pixel in the FRQI image simultaneously. At last, the result of
edge extraction will be stored in a new FRQI image.
4.1
4.1.1

X-Shift and Y -Shift transformations
Definition

From Eq. (1), it is known that the model of FRQI maintains a 2-dimensional pixel matrix. Therefore,
if we shift the whole image, every pixel will access the information of its neighborhood simultaneously.
For example, make a one-unit shift downwards for an image, the pixel will be transformed p(Y, X) into
p(Y − 1, X).
At the beginning, the two transformations will be defined as follows.
Definition 1. U (x±): X-Shift transformation based on a FRQI image with a size of 2n × 2n is defined
in Eq. (4).
2n −1 2n −1
1 X X
https://engine.scichina.com/doi/10.1007/s11432-014-5158-9
U (x±) |Ii = n
|CY X i |Y i |(X ± 1) mod 2n i.
(4)
2
Y =0 X=0
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The example of the transformation U (x+) for an image with size of 8 × 8.

By using X to replace X ± 1, we can get the relationship as Eq. (5):
n
2X
−1

n

|CY X i |(X ± 1) mod 2 i =

X=0

n
2X
−1

|CY X ′ i |Xi,

(5)

X=0

where X ′ = (X ∓ 1) mod 2n , it means
2 −1 2 −1
1 X X
|CY X ′ i |Y i |Xi.
2n
n

U (x±) |Ii =

n

(6)

Y =0 X=0

It could be seen that all the pixels of the image get the left or right neighborhood pixel values in X
axis by X-shift transformation.
Symmetrically, we can define Y -Shift transformation.
Definition 2. U (y±): Y -Shift transformation based on a FRQI image with size of 2n × 2n is defined
in Eq. (7):
2n −1 2n −1
1 X X
U (y±) |Ii = n
|CY X i |(Y ± 1) mod 2n i |Xi.
(7)
2
Y =0 X=0

It is also known that:

2 −1 2 −1
1 X X
U (y±) |Ii = n
|CY ′ X i |Y i |Xi,
2
n

n

(8)

Y =0 X=0

where Y ′ = (Y ∓1) mod 2n . It is obvious that all the pixels of the image can get the updown neighborhood
pixel values in Y axis by Y -shift transformation.
Figure 3 gives the example of the transformation U (x+) for an image with size of 8 × 8. It is shown
that all pixels shift one unit rightwards and the pixels in the column of the right edge move to the left
edge after the operation.
Then we will analyze the unitarity and computational complexity of U (x+) as the example of all these
shift transformations in the next subsections.
4.1.2

Unitarity

Whether the shift transformations could be done in quantum mechanics is dependent on the unitarity.
Then we will give the proof of the unitarity of the shift transformation U (x+). Table 1 depicts the
different operations and transition matrices of U (x+) for the different widths in X axis of the images.
From Table 1, we can conclude that when we utilize n qubits to store the information of X axis of
https://engine.scichina.com/doi/10.1007/s11432-014-5158-9
the pixels, U (x+) will make
a loop shift operation for the n-length qubit sequence. Its transition matrix
would be shown as Eq. (9):
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The different operations and transition matrices of U (x+) for the different widths in X axis of different images

Width
2 pixels

Storage

Operation

Transition matrix


0 1


1 0


0 0 0 1


 1 0 0 0 




 0 1 0 0 


0 0 1 0

|0i → |1i

1 qubit

|1i → |0i
|00i → |01i

4 pixels

|01i → |10i

2 qubits

|10i → |11i
|11i → |00i


|000i → |001i



















|001i → |010i
|010i → |011i
8 pixels

3 qubits

|011i → |100i
|100i → |101i
|101i → |110i
|110i → |111i
|111i → |000i

"

0T

1

I2n −1

0

#



0

0

0

0

0

0

0

1

1

0

0

0

0

0

0

0

1

0

0

0

0

0

0

0

1

0

0

0

0

0

0

0

1

0

0

0

0

0

0

0

1

0

0

0

0

0

0

0

1

0

0

0

0

0

0

0

1


0 


0 


0 


0 

0 


0 

0

,

(9)

where I2n −1 is an identity matrix with a size of (2n − 1) × (2n − 1), 0 is a (2n − 1)-dimensional vector
and 0T is the transposed vector of 0.
T
From Eq. (9), we find that U(x+) U(x+)
= I. Therefore, the transition matrix is unitary [19].
4.1.3

Computational complexity

Next, we will discuss the computational complexity of the transformation U (x+) for an n-length qubit
sequence.
It is reported that every arbitrary multi-qubit operation can be decomposed into some single-qubit
gates, 2-qubit gates and 3-qubit gates [20]. In general, the number of these simple quantum gates
represents the estimate of the computational complexity of the quantum operation. Therefore, we will
focus on how to decompose the unitary transformation U (x+).
For an image with a size of 2n × 2n , the X axis will be displayed as Eq. (10).
|xi = |xn−1 xn−2 ...x1 x0 i .

(10)

Therefore, the transformation U (x+) will be decomposed as Eq. (11).
∀xi , Ux+ (xi ) = xi iff xi−1 xi−2 ...x1 x0 = 11...11.

(11)

It means every qubit in the qubit sequence will be controlled by all the qubits below, and this is
just the function of K Control-Not gate (k − Cnot). Figure 4 gives the detailed quantum circuit of the
transformation U (x+) for an n-length qubit sequence.
From Figure 4, when we make the operation U (x+) for an n-length qubit sequence, the actual operation
can be decomposed into n steps, and in the kth step sub-operation to deal with the kth qubit. In the
quantum circuit, x0 needs a single-qubit reversal gate because it will be overturned without any control
during shifting. While xk will be operated by a k − Cnot gate, which is a k + 1-qubit gate. Xu et al. [21]
have studied that a k − Cnot gate can be constructed by a set of 2 − Cnot gates (which is a kind of the
common 3-qubit gate, called Toffoli gate). It is remarkable that Xu’s method need k − 2 assistant qubits
https://engine.scichina.com/doi/10.1007/s11432-014-5158-9
to construct the quantum
circuit of a k − Cnot gate. Fortunately, when we make the transformation
U (x+), all the qubits, which are used to represent the position of Y axis can be utilized to be the assistant
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The detailed quantum circuit of the decomposition of U (x+) for an n-length qubit sequence.

Figure 5

The quantum circuit which utilizes Xu’s method [21] to construct a 5 − Cnot gate.

qubits (The states of these assistant qubits do not change before and after the whole circuit, therefore the
qubits of Y -axis can assist the operation U (x+)). Hence, it means we can utilize some 2 − Cnot gates to
construct a k − Cnot gate without any extra qubits. Figure 5 gives the quantum circuit of Xu’s method
to construct a 5 − Cnot gate.
In Figure 5, the left circuit controls the change of the x5 qubit. It is obvious that when all the qubits
below are equal to |1i, the x5 qubit would overturn. While the right circuit mainly recovers the state of
all the assistant qubits. For a k − Cnot gate, the number of 2 − Cnot gates, which are used to construct
the left circuit is (k − 2) × 2 + 1, while the number of 2 − Cnot gates for the right circuit is (k − 3) × 2 + 1.
Therefore, in order to construct a k − Cnot gate, a set of 2 − Cnot gates with a number of 4k − 8 are
needed, as well as some assistant Y -axis qubits with number of k − 3.
Through the analysis of the quantum circuit in Figure 4, it is known that if we only use single-qubit
reversal gate, 2-qubit gate, and 3-qubit Toffoli gate to construct the whole circuit of the transformation
U (x+), we need one single-qubit reversal gate, one 2-qubit gate, and some 3-qubit Toffoli gates. And the
total number of 3-qubit Toffoli gates is as follows:
1+

n−1
X
i=3

number(i − Cnot) = 1 +

n−1
X

(4i − 8) = n2 − 5n + 7.

(12)

i=3

Although we do not ensure that Xu’s method can find the best way to decompose the unitary transformation U (x+) into the least simple gates, it is demonstrated that the total computational complexity
of the transformation U (x+) for an n-length qubit sequence is no more than O(n2 ).
4.2

Mask computation

In this subsection, we will utilize the two aforementioned shift transformations to calculate the intensity
gradients of all the pixelshttps://engine.scichina.com/doi/10.1007/s11432-014-5158-9
in an image simultaneously according to the Sobel masks and the neighborhood
window.
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Table 2

Computation prepared algorithm

Input: Original image: Ixy , which is as Eq. (1). |Ii =

1
2n

2n
−1 2n
−1
P
P

|CY X i |Y Xi

Y =0 X=0

Step 2 :
Step 3 :
Step 4 :
Step 5 :
Step 6 :
Step 7 :
Step 8 :
Step 9 :

1
2n

2n
−1 2n
−1
P
P

|CY −1X i |Y Xi
Y =0 X=0
n
2P
−1 2n
−1
P
Ux+ , shift Ixy−1 one-unit rightwards, then Ix−1y−1 = Ux+ (Ixy−1 ) = 21n
|CY −1X−1 i |Y Xi
Y =0 X=0
n
n
2P
−1 2 P
−1
Uy− , shift Ix−1y−1 one-unit upwards, then Ix−1y = Uy− (Ix−1y−1 ) = 21n
|CY X−1 i |Y Xi
Y =0 X=0
n
2n
−1
2
−1
P P
Uy− , shift Ix−1y one-unit upwards, then Ix−1y+1 = Uy− (Ix−1y ) = 21n
|CY +1X−1 i |Y Xi
Y =0 X=0
n
n
2P
−1 2 P
−1
|CY +1X i |Y Xi
Ux− , shift Ix−1y+1 one-unit leftwards, then Ixy+1 = Ux− (Ix−1y+1 ) = 21n
Y =0 X=0
n
2n
−1
2
−1
P P
Ux− , shift Ixy+1 one-unit leftwards, then Ix+1y+1 = Ux− (Ixy+1 ) = 21n
|CY +1X+1 i |Y Xi
Y =0 X=0
n
n
2P
−1 2 P
−1
|CY X+1 i |Y Xi
Uy+ , shift Ix+1y+1 one-unit upwards, then Ix+1y = Uy+ (Ix+1y+1 ) = 21n
Y =0 X=0
n
2n
−1
2
−1
P P
Uy+ , shift Ix+1y one-unit upwards, then Ix+1y−1 = Uy+ (Ix+1y ) = 21n
|CY −1X+1 i |Y Xi
Y =0 X=0
n
2P
−1 2n
−1
P
Uy− Ux+ , shift Ix+1y−1 to the original position, Ixy = Uy− Ux+ (Ix+1y−1 ) = 21n
|CY X i |Y Xi
Y =0 X=0

Step 1 : Uy+ , shift Ixy one-unit downwards, then Ixy−1 = Uy+ (Ixy ) =

Figure 6

The quantum black box UΩ .

Figure 2(b) and (c) show the Sobel masks. In order to get the intensity gradient of every pixel, it needs
to utilize the masks to calculate the approximate gradient according to its 3 × 3 neighborhood window.
The color information of the neighborhood window of every pixel can be obtained simultaneously by the
shift transformations in a certain order. Then the detailed computation prepared algorithm that can do
this task will be given as Table 2.
From computation prepared algorithm, it could be seen that after Step 1 to Step 8, the shift operations
are utilized to get the color information of the neighborhood pixels of all the pixels simultaneously. There
are totally 6 Y -Shift operations and 4 X-shift operations. Therefore, the computational complexity of
computation prepared algorithm is still O(n2 ).
In order to calculate the approximate gradient of image intensity of all the pixels, a quantum black
box UΩ is designed, which utilizes the color qubits of the neighborhood pixels in computation prepared
algorithm. Figure 6 shows the function of the quantum black box UΩ .
In this quantum black box, it works as Eq. (13).
UΩ (Ĉ ⊗ |0i) = Ĉ ⊗ |Ω(Y, X)i ,

(13)

where Ĉ and |Ω(Y, X)i are
presented in Eqs. (14) and (15), respectively:
https://engine.scichina.com/doi/10.1007/s11432-014-5158-9
Ĉ = |CY −1X+1 i⊗|CY X+1 i⊗|CY +1X+1 i⊗|CY +1X i⊗|CY +1X−1 i⊗|CY X−1 i⊗|CY −1X−1 i⊗|CY −1X i ; (14)
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|0i, (Gx (Y, X)2 + Gy (Y, X)2 )1/2 < T,
|1i, (Gx (Y, X)2 + Gy (Y, X)2 )1/2 > T.

(15)

In Eq. (15), Gx (i, j) and Gy (i, j) are the approximations of the derivatives of X-axis and Y -axis,
respectively as Eqs. (16) and (17).
Gx (Y, X) = (CY −1X+1 + 2CY X+1 + CY +1X+1 ) − (CY −1X−1 + 2CY X−1 + CY +1X−1 ),

(16)

Gy (Y, X) = (CY +1X−1 + 2CY +1X + CY +1X+1 ) − (CY −1X−1 + 2CY −1X + CY −1X+1 ).

(17)

Through the operation of the quantum black box UΩ , we have finished the computation of the Sobel
gradients of all the pixels in the whole image and stored the values into a color qubit |Ω(Y, X)i, which will
be entangled with the position qubit sequence to form a new result image. Similar to the classical Sobel
algorithm, in the new result image, the color qubit of all the pixels in the edge is |1i, which represents
white. On the contrary, the color qubit of other pixels will be |0i, which represents black.
4.3

QSobel edge extraction

Through the last two subsections, all the detailed work for our novel quantum edge extraction algorithms,
QSobel, has been introduced. In this subsection, the whole workflow of QSobel, as well as the integrated
quantum circuit will be discussed.
4.3.1

Workflow of QSobel

In order to cope with the real-time problem of the classical edge extraction algorithms, a novel quantum
edge extraction algorithm, QSobel, is proposed in this paper. The workflow of QSobel for a digital image
with a size of 2n × 2n is shown here as an example.
Step 1: Firstly, the digital image should be quantized into a FRQI quantum image as Eq. (1). In order
to store this quantum image, we need a 2n + 1-qubit quantum register. Meanwhile, 9 extra qubits for
the next operations are needed to store the color information of the neighborhood pixels of all the pixels
and the result of QSobel.
Step 2: Perform computation prepared algorithm. In the algorithms, after Steps 1–8, we can get the
relative color qubits of the neighborhood pixels of the whole image and store them into an extra qubit.
The main operations in this step are X-Shift and Y -Shift transformations.
Step 3: When we have stored all the eight color qubits of the 3 × 3 neighborhood window, the quantum
black box UΩ is utilized to calculate the Sobel gradients of all the pixels simultaneously and store the
result into another extra qubit |Ω(Y, X)i. This qubit can construct a new quantum image by entangling
with the position qubit sequence.
Similar with the theory of Sobel edge extraction algorithms, in the resulting quantum image, the color
qubit of the pixels in the edges will be |1i, which represents white. On the contrary, the color qubit of
the pixels not in the edges is |0i, which means black. Therefore, QSobel has distinguished the different
classes of the pixels and extracted the edges of the quantum image.
4.3.2

Quantum circuit of QSobel

The whole quantum circuit of QSobel can be partitioned into 3 stages as shown in Figure 7.
Stage 1: The work of Step 1 of QSobel is done in this stage. We need to prepare the quantum image in
the model of FRQI and enough assistant qubits. From Figure 7, the whole circuit needs 2n + 10 qubits
totally, including 2n + 1 qubits for storing the quantum image and 9 extra qubits, respectively. In the
initial, we construct the FRQI quantum image with the method of Ref. [11]. Meanwhile, all the assistant
qubits are initialized to be |0i. The whole state of the quantum circuit after Stage 1 is as follows:
X 9
|Ψi =
( ⊗ |0ik ) |CY X i |Y i |Xi .
(18)
k=1

https://engine.scichina.com/doi/10.1007/s11432-014-5158-9

Stage 2: This section of circuit is relative to the work of Step 2 of QSobel. All the color qubits of the
neighborhood pixels of the image will be obtained and stored. For example, after the first operation Uy+ ,
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The whole quantum circuit of QSobel.

the image is changed to Ixy−1 and the color qubit |CY X i is changed to |CY −1X i. Utilizing the quantum
operation US as Eq. (19), the color qubit has been stored. In order to obtain all the color qubits of the
3 × 3 neighborhood window, all the 9 steps of computation prepared algorithm would be done in this
stage. After this stage of the quantum circuit, the whole state of the quantum circuit is as Eq. (20).
US (|Ci |0i) = |Ci |Ci ,
′

|Ψi =

P

(|0i |CY −1X+1 i |CY X+1 i |CY +1X+1 i |CY +1X i

|CY +1X−1 i |CY X−1 i |CY −1X−1 i |CY −1X i |CY X i |Y i |Xi) .

(19)
(20)

Stage 3: In this stage of the quantum circuit, the quantum black box will be done to finish the work
′
of QSobel. In |Ψi , all the color qubits of the 3 × 3 neighborhood window have been prepared for the
quantum black box UΩ to calculate the Sobel gradients of all the pixels and store the result in another
assistant qubit |Ω(Y, X)i. After the operation of UΩ , the whole state of the quantum circuit is as Eq.
(21).
P
′′
|Ψi = (|Ω(Y, X)i |CY −1X+1 i |CY X+1 i |CY +1X+1 i
(21)
|CY +1X i |CY +1X−1 i |CY X−1 i |CY −1X−1 i |CY −1X i |CY X i |Y i |Xi) .
′′

Therefore, in |Ψi , |Ω(Y, X)i and the position qubit sequence can construct a new result quantum
′′′
image as |Ψi shown in Eq. (22). In this new image, the color qubit of the pixels in the edges will be
|1i, while the color qubit of the pixels not in the edges is |0i. Therefore, QSobel has extracted the edges
of the quantum image.
X
′′′
|Ψi =
|Ω(Y, X)i |Y i |Xi .
(22)

5

Tests and performance analyses

In this section, the differences in the performance between QSobel and other edge extraction algorithms
are compared.
First of all, in order to analyze the computational complexity of QSobel, we will discuss according to
https://engine.scichina.com/doi/10.1007/s11432-014-5158-9
the quantum circuit in the
last section. Here consider a digital image with a size of 2n × 2n as an example.
In Stage 1, the quantum circuit will make the construction of the FRQI quantum image |Ψi. From the
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The performance comparisons between QSobel and other edge extraction algorithms for a digital image with a

size of 2n × 2n

Algorithm

Storage

Quantum

Computational

image model

complexity of quantum

Computational
complexity of

image construction

edge extraction

Sobel

22n ∗ 8bit

-

-

O(22n )

Canny

22n

-

-

O(22n )

Tseng

22n qubit

Qubit Lattice

O(22n )

O(22n )

Fu

22n qubit

Qubit Lattice

O(22n )

O(22n )

FRQI

O(24n )

O(n2 )

QSobel

∗ 8bit

(2n + 10)qubit

Sobel and Canny are classical algorithms. Therefore some items are null.

Table 4

Thresholds of Sobel and QSobel when extracting edges for the test images

Test image

Thresholds of Sobel and QSobel

Rice

0.071

Peppers

0.087

Lena

0.071

Camera

0.143

introduction of Ref. [11], it is known that the computational complexity of this stage is O(24n ) because
some operations will be done for every pixel one-by-one.
In section 4.1.3, we know that every shift transformation will cost the time of O(n2 ). Meanwhile, from
Figure 7, there are totally 10 shift transformations and 8 quantum operations of US in Stage 2. Because
US is an operation with a constant complexity of O(1), it is obvious that the computational complexity
of Stage 2 is O(n2 ).
The mainly work of Stage 3 is the quantum black box UΩ , which is a 9-qubit operation. Meanwhile,
we can see that the computational cost of Stage 3 is constant, and it does not change as does the size of
the image. Therefore, the computational complexity of Stage 3 is O(1).
Note that the time cost of quantum image construction of FRQI is long, however, it is not considered
as a part of the quantum image processing. Therefore, if the quantum image has been constructed, our
proposed algorithm QSobel can extract the edges for a FRQI quantum image in computational complexity
of O(n2 ). Hence, we can give the conclusion that the novel quantum edge extraction algorithm, QSobel,
can reach an exponential speed than all the classical edge extraction algorithms and all the existing
quantum edge extraction algorithms.
Table 3 demonstrates the performance comparisons between QSobel and other edge extraction algorithms including two famous classical algorithms (Sobel [14] and Canny [17]) and two existing quantum
edge extraction algorithms (Tseng [12] and Fu [13]) for a digital image with a size of 2n × 2n . Because
QSobel is based on the quantum image model FRQI, it shows better performance. In the aspect of
storage, QSobel needs 2n + 10 qubits, which has an exponential decrease than others. Meanwhile, we
have analyzed that QSobel can extract the edges in complexity of O(n2 ) and it is the fastest algorithm
of all.
In order to test our new algorithm, we used a classical computer to simulate QSobel to do the edge
extraction. All the simulations were coded in C language and ran in the processor of Intel Core2 Quad
CPU Q6600. Four common test images such as Rice, Peppers, Lena, and Camera were chosen.
Through setting some certain thresholds as Table 4, all the edges of these test images will be extracted
https://engine.scichina.com/doi/10.1007/s11432-014-5158-9
as Figure 8. In the near future,
when quantum computer can be used for the actual applications, QSobel
will show its unbelievable performance.
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(a) Four common and original test images. (b) The result images of QSobel edge extraction by the thresholds

in Table 4.

6

Conclusion

With the sharp increase of the image data in the actual applications, most of the classical digital image
processing algorithms would take impractically longer, including the edge extraction algorithms on which
this paper mainly focuses. In this paper, QSobel, a novel quantum edge extraction algorithm is designed,
which combines the quantum image model of FRQI and Sobel edge extraction algorithm. FRQI utilizes
the superposition state of qubit sequence to store all the pixels of the image, therefore QSobel, which is
based on FRQI can calculate the Sobel graidents of all the pixels simultaneously. Through designing the
quantum circuit of QSobel, it is reported that QSobel can extract edges in the computational complexity
of O(n2 ) for a FRQI quantum image with a size of 2n × 2n . Compared with all the classical edge extraction algorithms and the existing quantum edge extraction algorithms, QSobel can utilize the quantum
computation to reach an exponential speedup and the same result with the classical Sobel algorithm.
Hence, as far as I know, QSobel will be the fastest edge extraction algorithms of all by now.
Because of the drawbacks of Sobel, QSobel may be deficient in robustness for noise and as a result
QSobel may have serious errors when processing some complex image. However, we can utilize the
approach of QSobel to design other quantum edge extraction algorithms, such as quantum Canny [17],
quantum Susan [22]. Therefore, in that sense, QSobel can give us a significant approach to design
quantum counterparts for the classical image processing algorithms.
In this paper, this drastic improvement of QSobel is liable on the peculiar properties of the quantum
image model FRQI, which utilizes the superposition state of qubit sequence to store all the pixels of an
image. Therefore, we can process the information of all the pixels simultaneously. However, there are still
some drawbacks in this quantum image model. Firstly, FQRI image stores all the color information in
the probability amplitude of a qubit [11], so we could not utilize the quantum measurement to obtain the
exact and classical color information to retrieve the original classical digital image. It means this quantum
image model is not fit for image retrieving.. Recently some new quantum image models are published
[23,24], which are worth being focused on in the near future. Secondly, the quantum image processing
based on FRQI needs to make all the operations unitary, that is, the procedure must be invertible.
Therefore, the image convolution operation [25] and the arbitrary angle rotation operations [26] (Since
the coordinate discretization and gray-scale quantization in the digital image processing, information loss
will occur during the arbitrary angle rotation operations) cannot be done in FRQI images. In conclusion,
our future researches willhttps://engine.scichina.com/doi/10.1007/s11432-014-5158-9
emphasis on designing a novel quantum image representation to improve FRQI
for quantum image processing.
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