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Abstract Computing the weighted girth, which is the sum of weights of edges in the minimum weight cycle,
is an important problem in network analysis. The problem for distributively computing girth in unweighted
graphs has garnered lots of attention, but there are few studies in weighted graphs. In this paper, we propose
a distributed randomized algorithm for computing the weighted girth in weighted graphs with integral edge
weights in the range [1, nc ], where n is the number of vertices and c is a constant. The algorithm is devised
under the standard synchronous CON GEST model, which limits each vertex can only transfer O(log n) bits
information along each incident edge in a round. The upper bound of the algorithm is O(n log2 n) rounds. We
also prove the lower bound for computing the weighted girth is Ω(D + n/ log n) where D is the hop diameter
of the weighted graph. This means our distributed algorithm is optimal within a factor of O(log3 n).
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1

Introduction

Computing the weighted girth, which is the sum of weights of edges in the minimum weight cycle, is
an important graph analysis problem in weighted graphs [1]. It has been shown that the weighted
girth has a pivotal role in understanding the complexity of some other graph problems such as allpairs-shortest-paths (APSP), replacement paths [2], and matrix problems [3]. The girth problem was
first presented by Itai and Rodeh [4] on unweighted graphs. They showed that the shortest cycle can
be found by using a sequential breadth-first-search (BFS) for each vertex in O(mn) time, or in Õ(nω )
time [5]1) by using fast matrix multiplication, where m and n are the number of edges and vertices
in the graph, respectively. For weighted graphs, it is much more difficult to get a similar result. A
recent sequential algorithm presented in [6] computes the weighted girth in Õ(W nω ) time, where W is
the maximum edge weight in the graph and Õ suppresses a polylogn factor. One of the authors in [6],
Williams, explained the lack of improvements of the weighted girth problem in [3]. The authors of [3]
showed that the weighted girth problem has a close relationship with the APSP problem. If there is a
truly subcubic sequential algorithm for the weighted girth, the APSP problem also has truly subcubic
algorithms but many people conjectured that there is no truly subcubic algorithm for APSP [7]. To get a
subcubic sequential algorithm for computing the weighted girth, a lot of literature aimed to find efficient
approximation algorithms. Lingas and Lundell [8] presented a 2-approximation algorithm for computing
weighted girth in undirected weighted graphs in O(n2 log n(log n + log W )) time. Furthermore, Roditty
and Tov [9] reduced the approximation factor to 4/3 with the same running time as in [8].
* Corresponding author (email: qshua@hust.edu.cn)
1) ω is the exponent of square matrix multiplication over a ring and ω < 2.376 [5].
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In terms of the distributed scenario, we study the standard model of the distributed computation,
called CON GEST model, which is a message passing model with limited bandwidth. More precisely,
each vertex of the network can only send O(log n) bits of information along each incident edge in each
round. In this model, some problems can be solved by local communication, but many problems need
global communication such as computing diameter, shortest paths, and girth problems. The global
communication is very troublesome if there are many messages that need to be passed in the network.
In this case, we have to take into account the congestion issue to get an efficient algorithm. Fortunately,
many previous studies have concerned CON GEST model and they presented many useful techniques
for handling congestion in this model [10–13]. A fundamental technique is to distributively run n BFS
processes in parallel to get distant information of vertices in the network [10, 13]. This technique is used
by Holzer and Wattenhofer [10] to show that the girth can be computed in O(n) rounds in unweighted
graphs. A more efficient algorithm with a running time of O(n/ log n + D) rounds was proposed by Hua
et al. in [14]. These two algorithms are based on computing distributed APSP in unweighted graphs.
Refs. [10, 15] showed that the lower bound of computing APSP in unweighted graphs is Ω(n/ log n + D).
The close relationship of girth and APSP means we may not be able to get a better result by computing
APSP. But, to our knowledge, there is no known lower bound for exactly computing girth under the
CON GEST model. A recent lower bound for computing girth was presented by Frischknecht et al. [16],
√
which proved that any (2 − ǫ) multiplicative approximation algorithm for computing girth needs Ω̃( n)
rounds.
For the weighted graphs, a natural question is: can we design a distributed algorithm as fast as
that on the unweighted graphs? As far as we know, there are no published distributed weighted girth
algorithms. However, as mentioned above, we can distributively compute the weighted girth based on
distributed APSP algorithms on weighted graphs. Although distributed APSP problem on unweighted
graphs can be solved in O(n/ log n + D) rounds, the state-of-the-art distributed randomized algorithm
for computing weighted APSP under the CON GEST model needs Õ(n5/4 ) rounds [17]. This means
distributively computing the weighted girth via computing APSP also needs Õ(n5/4 ) rounds. In this
paper, we will propose a different method to distributively compute the weighted girth by circumventing
the computation of APSP. This method provides a special perspective for handling congestion. Instead
of computing all pairs shortest paths, our algorithm can always find a range to bound the weighted girth
and narrow the range by the modified distributed BFS with a distance constraint. After careful control
of the range, the girth will be computed at the end of the algorithm with detailed correctness proof. Our
contributions are briefly summarized as follows.
(1) We propose a distributed randomized algorithm of O(n log2 n) rounds for exactly computing the
weighted girth in undirected weighted graphs under the CON GEST model.
(2) We prove an Ω(n/ log n + D) lower bound for exactly computing the weighted girth under the
CON GEST model. The lower bound is applied for both deterministic and randomized algorithms, which
means our upper bound for computing the weighted girth is optimal within a factor of O(log3 n).
The remainder of the paper is organized as follows. In Section 2, we introduce the system model and the
problem definition. In Section 3, we give two straightforward methods together with two insights gained
for computing the weighted girth. Section 4 provides an overview of techniques used in our algorithm.
The algorithm details are presented in Section 5. The correctness and round complexity analyses are
given in Section 6. In Section 7, we prove a lower bound for distributively computing the weighted girth
under the CON GEST model. We conclude the paper in Section 8.

2
2.1

Preliminary
The system model

We are given a network of processors modeled by an undirected weighted graph G(V, E, w), where |V | = n,
|E| = m and w(u, v) is the integral weight of edge (u, v). The maximum edge weight of the graph is
W ∈ [1, nc ], where c is a constant. Each vertex can be represented by an O(log n)-bit size unique identifier
(ID) and it only knows very little topological knowledge, including its neighbors’ IDs and the weights of
its incident edges. Let N (v) denote a set of neighbors of vertex v.
We consider a synchronous communication model where each vertex can only send O(log n) bits of
information through its incident edges in one synchronous round. In addition, each vertex can send
https://engine.scichina.com/doi/10.1007/s11432-020-2931-x
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Notations and their definitions

Notation

Definition

n

The number of vertices in a graph

m

The number of edges in a graph

W

The maximum edge weight of a graph

D

The hop diameter of a weighted graph

BFSs

A BFS tree originating from vertex s

Paths(s, v)

The set of paths from vertex s to vertex v

SPaths(s, v)

The set of shortest paths from vertex s to vertex v

P (s, v)

A path from vertex s to vertex v

SP(s, v)

The shortest path from vertex s to vertex v

PBFS (s, v)

The path from vertex s to vertex v in BFSs

PC (s, v)

The path from s to v on cycle C in clockwise

SPC (s, v)

The shortest path from s to v on cycle C in clockwise

w(u, v)

The weight of edge (u, v)

w(P (s, v))

The sum of edge weights in path P (s, v)

w(C)

The sum of weights of edges in C

N (v)

The set of neighbors of vertex v

hop(P (u, v))

The number of hops on path P (u, v)

hop(u, v)

The minimum number of hops between u and v

Pres (v)

The predecessor of vertex v in the BFSs tree

g

The value of the weighted girth

d(u, v)

The estimation of the shortest distance from u to v

different messages of size O(log n) to its neighbors and each vertex’s local computation time is neglected.
This model is called CON GEST model, which is widely employed in the distributed setting [18]. To
measure the performance of a distributed algorithm, we introduce round complexity, which is defined
as the number of rounds until the algorithm terminates. Note that, comparing with the LOCAL model
where each edge can transmit unbounded size of messages, designing a low-round-complexity distributed
algorithm under the CON GEST model faces greater challenges.
2.2

Problem definition

Let G = (V, E, w) be a weighted undirected graph, and a simple path is defined as a sequence of vertices
{v1 , v2 , . . . , vl }, (vi , vi+1 ) ∈ E for every i < l (2 6 l 6 n). We define paths from u to v as a set Paths(u, v).
All the shortest paths from u to v constitute a set SPaths(u, v). We define P (u, v) as an arbitrary path
in Paths(u, v) and define SP(u, v) as an arbitrary shortest path in SPaths(u, v). Let w(P (u, v)) and
w(SP(u, v)) denote the sum of weights of edges in P (u, v) and SP(u, v), respectively.
When we talk about breadth-first-search (BFS) in weighted graphs, we will use hop(P (u, v)) to measure
the number of hops on path P (u, v). Define hop(u, v) as the minimum number of hops between u and v,
i.e., hop(u, v) = min{hop(P (u, v)) : P (u, v) ∈ Paths(u, v)}. The hop diameter D of the weighted graph
is the maximum value of hop(u, v) for all pairs u, v in G. Let Pres (v) denote the predecessor of v in a
BFS tree rooted at s. In addition, we denote a BFS started from vertex s as BFSs . There is only one
path P (s, v) from vertex s to some vertex v in BFSs . We define this path as PBFS (s, v). If P (s, v) is the
shortest path from s to v, we define it as SPBFS (s, v).
Define the cycle as a set of vertices appearing in ordering: C = {v1 , v2 , . . . , vl }, (vi , vi+1 ) ∈ E for every
i < l (3 6 l 6 n) and (vl , v1 ) ∈ E. Define w(C) as the sum of weights of edges in C. The weight of the
minimum weight cycle, i.e., the weighted girth, is the minimum value of all w(C) in G. We denote this
value as g and g ∈ [3, nc+1 ]. In addition, a path from u to v on cycle C clockwise is defined as PC (u, v).
If the path is the shortest path, define it as SPC (u, v). This path is unique corresponding to cycle C.
In this paper, we aim to devise a low round complexity distributed algorithm for exactly computing
g in undirected weighted graphs under the CON GEST model. Define d(u, v) as an estimation of the
weighted shortest distance from u to v during the execution of the algorithm. d(u, v) is initialized to
infinity, i.e., d(u, v) = ∞ for each pair of u and v at the beginning of the algorithm. The minimum value
of d(u, v) is w(SP(u, v)). The notations and their definitions are listed in Table 1.
https://engine.scichina.com/doi/10.1007/s11432-020-2931-x
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SPC (v, s)
u

v
P(s, v)

s

SPC (s, u)
Figure 1 There is a minimum weight cycle formed by two solid paths SPC (s, u), SPC (v, s) and a solid edge (u, v). The solid
path P (s, v) has w(P (s, v)) > w(SPC (v, s)) but hop(P (s, v)) < hop(SPC (v, s)). So the BFS message from vertex s first arrives
at v through P (s, v). Then v sends messages to vertices in SP(v, s) and vertex u, which let u receive wrong values of the shortest
paths.

3

Bottlenecks of previous methods for computing the weighted girth

In this section, we give two straightforward distributed methods together with their analyses for computing the weighted girth. Based on the analyses of the bottlenecks, we present the two insights for devising
our distributed algorithm.
Claim 1 (Lemma 3.1 of [9]). For a minimum weight cycle C and its weight w(C) = g, there exist three
vertices s, u, v ∈ C and edge (u, v) such that C consists of the shortest path SPC (s, u), SPC (s, v) and an
edge (u, v). Furthermore, w(SPC (s, u)) 6 g/2 and w(SPC (v, s)) 6 g/2.
Claim 1 shows an important property of the minimum weight cycle. From Claim 1, we need to
compute the shortest paths values d(s, v) = w(SP(s, v)) and d(s, u) = w(SP(s, u)) for each vertex pair
s, v and s, u for computing the weighted girth. As a result, the total time (number of rounds) for
computing the weighted girth is the time for computing the shortest paths plus the time for computing
w(C) = d(s, u) + d(s, v) + w(u, v) for each pair s, u and s, v. The state-of-the-art distributed shortest
paths algorithm [17] on weighted graphs takes Õ(n3/4 λ1/2 + n) rounds for computing λ-sources shortest
paths [19]2) . Thus, we can take Õ(n5/4 ) rounds to compute the shortest paths. w(C) can be computed
at vertex u if vertex v sends value d(s, v) to u. For each vertex, it sends at most n shortest paths
values to its neighbors, which takes O(n) rounds. The total rounds are still Õ(n5/4 ). From the above
analysis, we know that the number of the shortest path computations dominates the round complexity
for computing the weighted girth. So the first insight is that if we can reduce the number of the shortest
paths computations for computing the weighted girth, the round complexity will be reduced to a great
extent.
Second, we can look back to the distributed girth algorithms on unweighted graphs [10, 14], which
mainly utilize the distributed BFS algorithm. These algorithms are based on the fact that if a vertex v is
visited by a BFSs twice, a cycle C will be computed at v. For BFSs in an unweighted graph, it must visit v
along the shortest path from s to v for the first time. Let SPBFS (s, v) denote this shortest path and v can
get d(s, v) = w(SPBFS (s, v)) when it was visited. BFSs will visit v from v’s neighbor u for the second time.
The path from s to u is also the shortest path SPBFS (s, u) and u can get value d(s, u) = w(SPBFS (s, u))
when it is visited by BFSs . Thus, w(C) can be computed by d(s, u) + d(s, v) + w(u, v) at v. However,
efficiently applying the distributed BFS method to weighted graphs is a non-trivial task. There are two
kinds of paths in weighted graphs that make the algorithm for unweighted graphs hard to apply. One is
the path with heavier weights but fewer hops and the other are with lighter weights but more hops. Taking
Figure 1 as an example, there are two paths SPC (v, s) and P (s, v) where w(SPC (v, s)) < w(P (s, v)) and
hop(SPC (v, s)) > hop(P (s, v)). A BFS message sent from s will arrive at v through P (s, v) first. This
makes d(s, v) equal to w(P (s, v)), which is not the shortest path value. Accordingly, it will also lead
to a wrong computation of the weighted girth where the minimum weight cycle is formed by SPC (v, s),
SPC (s, u) and edge (u, v). A trivial approach to handle this problem is that a message needs w(u, v)
rounds to pass through an edge (u, v) instead of one round. By adopting this trivial method, the shortest
path value can be computed correctly but it takes O(nW ) rounds to compute the weighted girth.
From the above analysis, we know the distributed BFS method that sends a message along an edge
with the number of rounds equivalent to its weight value takes too long time, so we prefer to send a
2) λ-sources shortest paths problem is defined as follows. For vertices sets S and V where |S| = λ and |V | = n, we need to
compute the shortest paths of all pairs s, v where s ∈ S and v ∈ V . Note that when λ = Õ(n1/4 ), better results are given by Elkin
in [19].
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message along an edge (one hop) with just one round. This gives us the second insight: if we can find a
method that correctly computes the weighted shortest paths values by sending messages hop by hop, we
can greatly reduce the round complexity.

4

Technique overview

In this paper, based on the insights in Section 3, we propose an approach that can compute the weighted
girth in O(n log2 n) rounds. The approach is based on two observations: (1) For the minimum weight
cycle C and w(C) = g, C only consists of the shortest paths whose weights are in the range [1, g/2] 3) .
(2) If a vertex is visited by a BFS twice, then we can compute an upper bound of the weighted girth.
These two observations mean that we do not need to compute all pairs shortest paths. If we can find
a range to bound the weighted girth and narrow this range by a proper way, the computation of the
shortest path can be reduced to a great extent and the weighted girth will be computed eventually.
To find a range for bounding the weighted girth and reducing the computation of the shortest paths,
we set an upper bound β for the weighted girth. If an algorithm has searched a part of a graph and
found a cycle whose weight is an upper bound of the weighted girth, the algorithm does not need to
search for the remaining part of the graph. This upper bound can be refined if we found a lesser weighted
cycle. Correspondingly, we also set a lower bound α for the weighted girth, which is updated when the
algorithm cannot find a cycle. During the process of narrowing the gap of α and β, our algorithm can
guarantee that some vertices on the minimum weight cycle can get their weighted shortest paths correctly
and some cycles’ weights are computed by these vertices. The cycles’ weights in turn affect values of α
and β so that we can get the weight of the minimum weight cycle in the end. The details of controlling
α and β are given in Subsection 5.2.
The main technique for searching the graph and finding cycles is based on the distributed BFS method.
As described in Section 3, distributed BFS cannot compute the correct weighted shortest paths between
vertices. But in our method, we do not aim to compute all pairs shortest paths by the BFS process.
Instead, we modify the BFS method by adding a distance constraint and call it bounded BFS. The
bounded BFS method sets a distance constraint t for each distributed BFS process where t is computed
by using α and β. For vertex v, it can be visited by bounded BFSs only if there is a path P (s, v) such
that w(P (s, v)) 6 t. The bounded BFS process has two purposes: (1) finding some conditions that can
update lower bound α and upper bound β, (2) computing the shortest paths between some vertices in
the minimum weight cycle.
Thus, our algorithm for computing the weighted girth can be sketched as follows. The execution of the
algorithm is divided into phases. In each phase, each vertex v selects a random time rv in the range [0, n],
and then it performs distributed bounded BFSv with distance constraint t at time rv . After finishing
the distributed bounded BFS processes for each vertex v, the lower bound α and the upper bound β are
updated. Next, the algorithm sets a new distance constraint t by these two bounds for the next phase.
The algorithm terminates when β − α 6 2.

5

Details for computing the weighted girth

In this section, we give details of our distributed algorithm for computing the weighted girth on weighted
graphs where each edge weight is in [1, nc ]. We first give the distributed bounded BFS algorithm, followed
by the distributed weighted girth algorithm.
5.1

Distributed bounded BFS

The distributed bounded BFS means performing the distributed BFS process by a distance constraint t.
Its purpose is to output conditions used for determining lower bound α and upper bound β in Subsection
5.2. For a bounded BFSs started from s with distance constraint t, vertex v will be visited by BFSs if
there is a path P (s, v) where w(P (s, v)) 6 t. If there are more than one path P (s, v) that w(P (s, v)) 6 t,
the path P (s, v) with the minimum hop(P (s, v)) will be visited first. We outline the bounded BFS from
3) This observation can be proved by a contradiction. Assuming that the minimum weight cycle C contains the shortest path
SPC (s, v) where w(SPC (s, v)) > g/2. SPC (s, v) is a clockwise path from s to v in the cycle. Thus, the path from v to s, denoted
as PC (v, s), has w(PC (v, s)) < g/2. We have w(SPC (s, v)) > w(PC (v, s) such that SPC (s, v) is not the shortest path. This
contradiction means w(SPC (s, v)) must be less or equal than g/2.
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source s with distance constraint t as follows and the detailed algorithm is given in Algorithm 1. In the
following description, the algorithm runs O(n) rounds, which is proved in Lemma 5 of Section 6.
Algorithm 1 Distributed bounded BFS running at vertex v
Input: Graph G = (V, E, w), source s and distance constraint t;
Output: Condition 1 or Condition 2;
1: Initialize d(s, s) = 0 and initialize d(s, v) = ∞ for v ∈ {V \ s};
2: Initialize round = 0;
3: while round < n do
4:
for each vertex v receives message h(s, u), d(s, u)i do
5:
if d(s, v) == ∞ then
6:
d(s, v) = d(s, u) + w(u, v);
7:
Pres (v) = u;
8:
for each vertex z ∈ {N (v)\u} do
9:
if d(s, v) + w(v, z) 6 t then
10:
Send message h(s, v), d(s, v)i to z;
11:
end if
12:
end for
13:
else
14:
if d(s, u) + w(u, v) < d(s, v) then
15:
Pres (v) = u;
16:
d(s, v) = d(s, u) + w(u, v);
17:
Condition 1 occurs and v broadcasts message h−1i to all vertices in V ;
18:
end if
19:
end if
20:
end for
21:
round = round + 1;
22: end while
23: if Condition 1 does not occurs then
24:
Condition 2 occurs;
25: end if

Distributed bounded BFS from source s with distance constraint t. Vertex s sends message
h(s, s), d(s, s)i to its neighbor u ∈ N (s) that satisfies d(s, s) + w(s, u) 6 t. A message takes one round to
pass an edge. Then u sets d(s, u) as d(s, s) + w(s, u) and sends message h(s, u), d(s, u)i to its neighbor
v ∈ N (u)\{s} satisfying d(s, u) + w(u, v) 6 t. Each vertex v which receives messages from its predecessor
u will send messages to {N (v)\u} until v knows that Condition 1 occurs or O(n) rounds pass. If
Condition 1 occurs, the vertex which is visited by a bounded BFS twice broadcasts terminal message
h−1i to the graph. Then all the vertices will stop running the algorithm after they receive the terminal
message or n rounds pass.
Condition 1. There exists a vertex visited by a bounded BFS twice, which means a cycle is found.
Condition 2. There are no vertices visited by a bounded BFS twice, which means no cycles are found.
5.2

Distributively computing the weighted girth

As mentioned before, our distributed algorithm for computing the weighted girth is divided into phases.
In each phase, the algorithm updates the lower bound α and the upper bound β of the weighted girth.
When β − α 6 2, the algorithm terminates. The detailed algorithm is given in Algorithm 2, which is a
distributed algorithm running at each vertex. The correctness and the round complexity analyses of this
algorithm are given in Subsections 6.1 and 6.2, respectively.
Before running the algorithm, we select an arbitrary vertex v0 as the leader, which is used for computing
α, β, t and then broadcasts these values. We set α = 1 and β = nW at the beginning of the algorithm,
where W is the maximum weight of edges in the graph and it can be computed by Algorithm 3. To
update α and β, the distributed bounded BFS processes for each vertex with a given distance constraint
t are performed in each phase (lines 4–27 of Algorithm 2). In phase i, t is set to be ⌊(α+ β)/4⌋ if β < nW ,
and otherwise t = 2i . Noting that in lines 7 and 8 of Algorithm 2, we increase t by 1, it is used for the
case that β − α < 5. In this case, t is increased in order for continuing the algorithm.
After finishing the distributed bounded BFS processes, each vertex v computes gv by (line 18 of
Algorithm 2)
gv = min{d(s, u) + d(s, v) + w(u, v) : u ∈ N (v), u 6= Pres (v), v 6= Pres (u)},
s∈V

(1)

where gv is an auxiliary variable for computing α and β. It indicates that there is a cycle C formed by
PC (s, u), PC (s, v) and an edge (u, v) so that gv is the minimum weight cycle we can find in vertex v at
https://engine.scichina.com/doi/10.1007/s11432-020-2931-x
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s

1

1

t+1
u

v

Figure 2 In this example, the weights of edges (s, u), (s, v) and (u, v) are 1, 1 and t + 1, respectively, where t > 3. Any bounded
BFS with distance constraint t cannot detect a cycle directly, but we can get a value by gv according to 1.

the current phase. α and β are set according to Condition 1 and gv at the end of each phase. Then t is
updated and the algorithm starts the next phase.
The lower bound α and the upper bound β are set by the following equations (2) and (3). When
Condition 1 occurs in at least one bounded BFS process, it means a cycle has been found so that the
upper bound can be reduced to min{2t, minv∈V gv }. When Condition 2 occurs in every bounded BFS
process of vertices, there are no cycles detected by the bounded BFS processes. In this case, we should
be careful to update α. As shown in Figure 2, there may be a cycle with a weight less than 2t such that
we cannot update α = 2t directly. So here we only update α if there is no gv 6 2t or if there is no cycle
found (minv∈V gv = ∞). By setting α and β in this way, it can be guaranteed that α 6 g − 1 and β > g
in each phase. We postpone the proof to Section 6.
• If Condition 1 occurs in at least one bounded BFS process,


α = α, β = min 2t, min gv .
(2)
v∈V

• If Condition 2 occurs in all the bounded BFS processes,
(
α = 2t, β = β, if minv∈V gv = ∞ or minv∈V gv > 2t,
α = α, β = min{β, minv∈V gv }, otherwise.

(3)

In Algorithm 2, we employ the random delay technique [20] to set the starting time of each distributed
bounded BFS process. In each phase, each vertex v selects a random time rv in the range [0, n], and then
the distributed bounded BFSv starts at time rv . Algorithms 3 and 4 are subroutines of computing the
weighted girth. They are both convergecast procedures based on a BFS tree T rooted at an arbitrary
leader v0 : the messages are delivered from leaves to the root of the tree. During the delivering process,
each internal vertex of the tree collects its receiving messages and does a local computation, and then
packets the result in a message and sends the message to its parent in the tree. The correctness and the
round complexity analyzes of these algorithms are given in Subsections 6.1 and 6.2, respectively.

6
6.1

Algorithms analyzes
Correctness analysis

Theorem 1. Algorithm 2 will terminate when β − α 6 2, and the weighted girth will be computed
correctly.
Before proving Theorem 1, we introduce several properties involved in the proof of Theorem 1 and we
will prove them later.
Proposition 1. In all the phases during the execution of Algorithm 2, minv∈V gv > g and minv∈V gv = g
if 2t = g − 1.
Proposition 2. In all the phases during the execution of Algorithm 2, β > g.
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Algorithm 2 Distributively computing the weighted girth on vertex v
Input: Graph G = (V, E, w), W , v0 ;
Output: The weighted girth g;
1: Initialize i = 0, α = 1, β = nW , t = 1;
2: Initialize d(v, v) = 0, d(u, v) = ∞ for each u ∈ {V \v};
3: while β − α > 2 do
4:
for each vertex v at Phase i do
5:
if v == v0 then
6:
if β < nW then
7:
if t == ⌊(α + β)/4⌋ then
8:
Set t = t + 1;
9:
else
10:
Set t = ⌊(α + β)/4⌋;
11:
end if
12:
else
13:
Set t = 2i ;
14:
end if
15:
v0 broadcasts t, α and β to the graph;
16:
end if
17:
v randomly selects a time rv from [0, n] and starts distributed bounded BFS at time rv ;
18:
Compute gv by (1) and inform v0 whether Condition 1 occurs;
19:
if v == v0 then
20:
Compute minv∈V gv by Algorithm 4;
21:
if Condition 1 occurs then
22:
Update α and β by (2);
23:
else
24:
Update α and β by (3);
25:
end if
26:
end if
27:
End phase i
28:
i = i + 1;
29:
end for
30: end while
31: if v == v0 then
32:
if Condition 1 did not occur in all the phases then
33:
Report there is no cycle;
34:
else
35:
Compute the weighted girth g = β;
36:
end if
37: end if
Algorithm 3 Computing W
Input: Graph G = (V, E, w), v0 , T ;
Output: W ;
1: Initialize round = 0;
2: while round < D do
3:
if v is leaf in T then
4:
Wv = max{w(u, v) : u ∈ N (v)};
5:
Send Wv to Prev0 (v);
6:
else if v receives messages from u then
7:
Wv = max{Wu , max{w(u, v) : u ∈ N (v)}};
8:
Send Wv to Prev0 (v);
9:
end if
10:
round = round + 1;
11: end while
12: if v == v0 then
13:
output W = Wv0 ;
14: end if

Proposition 3. During the execution of Algorithm 2, if g is even, α 6 g − 2 in all the phases; if g is
odd, α 6 g − 1 in all the phases.
Proof. (Proof of Theorem 1) From Propositions 2 and 3, we have α 6 g − 1 < g 6 β. We are going to
prove that β − α decreases in each phase.
For the phase i with distance constraint t, let αi and βi denote the values of α and β in the phase
i, respectively. According to (2) and (3), βi is at most 2t if βi−1 is updated and αi > αi−1 . So we
have βi − αi 6 2⌊(αi−1 + βi−1 )/4⌋ − αi−1 6 (βi−1 − αi−1 )/2. If αi−1 is updated to αi = 2t, we have
βi − αi = βi−1 − 2⌊(αi−1 + βi−1 )/4⌋ 6 (βi−1 − αi−1 + 4)/2 so that βi − αi − 4 6 (βi−1 − αi−1 − 4)/2,
which means β − α decreases when β − α > 5. If β − α 6 5, we increase t by 1 so that β − α will decrease
till β − α 6 2 (line 8 in Algorithm 2).
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s

w(P(s, u)) ≤ t

w(SPC(v, s)) ≤ t

v
Figure 3

w(SP(s, u)) ≤ t

u

A cycle consists of dashed paths SPC (s, u) and P (s, u), which has weight of w(SPC (s, u)) + w(P (s, u)) 6 2t.

Algorithm 4 Convergecasting gv
Input: Graph G = (V, E, w), leader v0 , T ;
Output: minv∈V gv ;
1: Initialize round = 0;
2: while round < D do
3:
if v is a leaf in T then
4:
Send gv to its Prev0 (v);
5:
else if v receives messages from u then
6:
Send gv = min gu to Prev0 (v);
7:
end if
8: end while
9: if v == v0 then
10:
output minv∈V gv ;
11: end if

According to Propositions 2 and 3, if g is even, the algorithm only terminates when β = g and α = g−2.
So we obtain the weighted girth g = β when the algorithm terminates. If g is odd, the maximum value
of α is g − 1. In the phase that α is updated to the maximum value, α = 2t = g − 1. Then according to
Proposition 1, we have β = minv∈V gv = g. So the algorithm terminates in this phase and the weighted
girth is computed.
Proof. (Proof of Proposition 1) We first take a deep look at (1). If d(s, u) + d(s, v) + w(u, v) 6= ∞, it
computes the weight of a cycle. minv∈V gv is the minimum weight of cycles computed by all vertices v,
so minv∈V gv > g.
Then we prove that in the phase with 2t = g − 1, minv∈V gv = g. When 2t = g − 1, from Claim 1,
there exist three vertices s, u and v in the minimum weight cycle such that w(SPC (s, u)) 6 t and
w(SPC (v, s)) 6 t, where (u, v) is an edge and u ∈
/ SPC (v, s) and v ∈
/ SPC (s, u). We prove minv∈V gv = g
when 2t = g−1 by contradiction. Assuming minv∈V gv > g, it means u or v is not visited by BFSs through
their shortest paths. Otherwise gv = d(s, u) + d(s, v) + w(u, v) = g such that minv∈V gv = g. W.l.o.g.,
suppose u is visited by BFSs through path P (s, u) instead of SPC (s, u) where P (s, u) ∈
/ SPaths(s, u) (this
occurs when hop(P (s, u)) < hop(SPC (s, u))). So there is a cycle formed by SPC (s, u) and P (s, u). Its
weight is w(SPC (s, u)) + w(P (s, u)) 6 2t, which contradicts g = 2t + 1 (see the illustrating example in
Figure 3). So minv∈V gv = g is proven when 2t = g − 1.
Next, we give Lemmas 1–4 before proving Properties 2 and 3. Lemma 1 shows which vertices will
be visited during the procedure of the distributed bounded BFS process. Lemmas 3 and 4 show which
phases that α or β will be updated.
Lemma 1. Given a source s and a distance constraint t, for any vertex v, if there exists a path P (s, v)
with w(P (s, v)) 6 t, then only two cases will occur: (1) BFSs finds a cycle before visiting v, (2) v is
visited by BFSs .
Proof. If there is a vertex visited by BFSs twice before v is visited, according to Condition 1, the phase
is terminated. In this case, vertex v will not be visited. If no cycles have been found, Condition 2 occurs
and v will be visited since there is a path P (s, v) with w(P (s, v)) 6 t.
Lemma 2. In a phase with distance constraint t in which Condition 1 occurs, g 6 2t.
Proof.
Consider vertices s and v, where s is the source of the bounded BFSs and v is the first vertex
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visited by BFSs twice, there are two paths P (s, v) 6 t and P̂ (s, v) 6 t such that g 6 w(P (s, v)) +
w(P̂ (s, v)) 6 2t.
Lemma 3. In a phase with distance constraint t such that 2t < g, α is updated and vice versa.
Proof.
We first prove that when 2t < g, α is updated. In the phase with 2t < g, we prove that
Condition 1 will not occur by contradiction. If Condition 1 occurs, it means a cycle with weights at most
2t is found, which contradicts 2t < g. So in this phase, Condition 2 occurs in all the bounded BFSs.
From Proposition 1, minv∈V gv > g > 2t. From (3), α is updated when minv∈V gv > 2t. So in the phase
with 2t < g, α is updated.
We next prove that when α is updated, g > 2t. From (3), when α is updated, minv∈V gv > 2t. From
Proposition 1, minv∈V gv > g. So if minv∈V gv = g, g > 2t is proven. Then we need to prove that g > 2t
when minv∈V gv > g.
We are going to prove g > 2t when minv∈V gv > g by contradiction. Assuming g 6 2t, from
Claim 1, there exist three vertices s, u and v in the minimum weight cycle, where (u, v) is an edge
and w(SPC (s, u)) 6 g/2 6 t and w(SPC (v, s)) 6 g/2 6 t. So according to Lemma 1 and the fact that
α is only updated when Condition 2 occurs in all the bounded BFSs, u and v must be visited by BFSs
through the shortest paths SPC (s, u) and SPC (v, s). By (1), we have gv = d(s, u) + d(s, v) + w(u, v) = g
and minv∈V gv = g, which contradicts the inequality minv∈V gv > g. So when minv∈V gv > g, g > 2t is
proven.
Lemma 4. In a phase with distance constraint t such that 2t > g, β is updated and vice versa.
Proof. We first prove that if β is updated, 2t > g. From (2) and (3), β will be updated in Condition 1
or Condition 2. If Condition 1 occurs, according to Lemma 2, g 6 2t. If Condition 2 occurs in all the
bounded BFSs, β is updated only when minv∈V gv 6 2t. From Proposition 1, g 6 2t is proven.
We then prove that if 2t > g, β will be updated. In the phase with 2t > g, either Condition 1 or
Condition 2 will occur. If Condition 1 occurs, β is updated by (2). If Condition 2 occurs in all the
bounded BFSs, we prove that inequality g 6 minv∈V gv 6 2t must hold by contradiction. Assuming
g 6 2t < minv∈V gv , from Claim 1, there exist three vertices s, u and v in the minimum weight cycle,
where (u, v) is an edge and w(SPC (s, u)) 6 g/2 and w(SPC (v, s)) 6 g/2. Since g/2 6 t, according to
Lemma 1 and Condition 2, u and v will be visited by BFSs through the shortest paths SPC (s, u) and
SPC (v, s). We have gv = d(s, u) + d(s, v) + w(u, v) = g by (1) and minv∈V gv = g, which contradicts the
inequality g 6 2t < minv∈V gv . So g 6 minv∈V gv 6 2t is proven when Condition 2 occurs. From (3), β
is updated.
Proof. (Proof of Proposition 2) From (2) and (3), we know that β is updated to min{2t, minv∈V gv }
when Condition 1 occurs and is updated to minv∈V gv when Condition 2 occurs in all the bounded BFSs.
From Proposition 1 and Lemma 4, minv∈V gv > g and 2t > g in all the phases when β is updated. We
conclude that β > g during the procedure of Algorithm 2.
Proof. (Proof of Proposition 3) According to (3), α can only be updated to 2t. From Lemma 3, we know
if α is updated, g > 2t. So in all the phases, α < g. We next prove that in all these phases, α 6 g − 2 if
g is even and α 6 g − 1 if g is odd.
If g is even, according to Lemma 3, the maximum value for t when α is updated is t = g/2 − 1. So we
have α = 2t = g − 2, which is the maximum value of α in this case.
If g is odd, according to Lemma 3, the maximum value for t when α is updated is t = ⌊g/2⌋. So
α = 2t = g − 1 is the maximum value for α in this case.
6.2

Round complexity

We first prove that Algorithm 1 can be finished in O(n) rounds. Then we prove that in each phase of
Algorithm 2, performing n parallel distributed bounded BFS algorithms can be finished in O(n log n)
rounds with probability at least 1 − 1/n2 by Lemma 6. The round complexity of Algorithm 2 will be
analyzed in Theorem 2.
Lemma 5. The distributed bounded BFS algorithm (Algorithm 1) terminates in O(n) rounds.
Proof.
For any two vertices u and v, any path P (u, v) has hop(P (u, v)) < n. So no matter what
conditions of Algorithm 1 occur, the algorithm will terminate in O(n) rounds.
Lemma 5 shows that the bounded BFS is different from normal BFS which always takes O(D) rounds.
Algorithm 1 may not terminate in O(D) rounds since there exist cases that only the paths with large hops
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have weights less than t. For example, if there only exists one path P (s, u) that satisfies w(P (s, u)) 6 t
and hop(P (s, u)) = n − 1. Algorithm 1 will terminate at round n.
Lemma 6. In each phase of Algorithm 2, each vertex performs the distributed bounded BFS algorithm
at a random time in the range [0, n]. This procedure can be finished in O(n log n) rounds without violating
the CON GEST model with a probability of at least 1 − 1/n2 .
Proof. We first prove that in each phase, the probability that any vertex sends more than log n messages
in each round is at most 1/n2 .
For each phase, a given vertex v can send at most one message in BFSs . Let Events,v,q denote an
event that a message originated from s is sent by vertex v at time q. If w(SP(s, v)) > t, Events,v,q will
not happen. If w(SP(s, v)) 6 t and the number of hops from s to v in BFSs is h, we know that s must
start its bounded BFS at time q − h if Events,v,q happens. While the start time of BFSs is selected from
[0, n] randomly and uniformly, so we get the probability Pr(Events,v,q ) 6 n1 .
Suppose M is the set of messages originated from different BFSs that vertex v will send in a certain
n
round, and then v has |M|
different kinds of set M . Let ξ denote an event that more than log n (i.e.,
|M | > log n) messages are sent by vertex v in one round. Then the probability of ξ is
Pr(ξ) 6

n
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By using the union bound we conclude that in each phase, the probability of any vertex sending more
than log n messages in one round is at most 1/n2 . In the CON GEST model, sending at most log n
messages takes O(log n) rounds. To get the round complexity of performing n bounded BFS, we break
the rounds into epochs where each epoch consists of O(log n) rounds. Each vertex starts the BFS at
epochs of range [0, n] according to random delay time, and the latest bounded BFS finishes at epoch
n + n according to Lemma 5. The total rounds that we get in the CON GEST model are O(n log n).
Lemma 7. Setting α and β take O(n) rounds in each phase of Algorithm 2.
Proof. From (1), gv is the minimum value of d(s, u) + d(s, v) + w(u, v) and there are at most n different
s. It takes O(n) rounds to compute gv . Constructing a BFS tree or performing a broadcast process takes
O(D) rounds in the CON GEST model [18]. Algorithm 4 takes O(D) rounds to compute minv∈V gv . So
there are O(n) rounds in total to set α and β.
Theorem 2. Algorithm 2 computes the correct weighted girth value in O(n log2 n) rounds under the
CON GEST model with probability at least 1 − c log n/n2 , where c is a positive constant.
Proof.
If Algorithm 2 successfully computes the weighted girth without violating the CON GEST
model, the algorithm has O(log g) phases. At the beginning of the algorithm, t is updated by t = 2i in
phase i. From Lemma 4, β is updated for the first time no later than phase log(g/2). At that time,
β = O(g). So in phase log(g/2), β − α = O(g). For the following phases, we have t = ⌊(α + β)/4⌋.
In these phases, αi and βi are denoted as α and β in phase i. If βi−1 is updated to βi , according to
(2) and (3), βi is at most 2t. So we have βi − αi 6 2⌊(αi−1 + βi−1 )/4⌋ − αi−1 6 (βi−1 − αi−1 )/2. If
αi−1 is updated to αi = 2t, we have βi − αi = βi−1 − 2⌊(αi−1 + βi−1 )/4⌋ 6 (βi−1 − αi−1 + 4)/2 so that
βi − αi − 4 6 (βi−1 − αi−1 − 4)/2. According to the above analysis, β − α will decrease to 5, and then it
takes O(1) rounds to decrease to 2 or 1 (line 8 in Algorithm 2). Thus, we conclude that there are O(log g)
phases until β − α 6 2.
According to Lemma 6, we know that in each phase, the probability that any vertex sends more than
log n messages in one round is at most 1/n2 . The algorithm has O(log n)(g = nc+1 ) phases, so by using the
union bound we know that in all phases, the probability that any vertex sends more than log n messages
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in one round is at most c log n/n2 , which means Algorithm 2 can be implemented distributively without
violating the CON GEST model with probability at least 1 − c log n/n2 . Algorithm 3 is a convergecast
process, which takes O(D) rounds [18]. From Lemma 7, setting α and β takes O(n) rounds. So there are
O(n log2 n) rounds to finish all the phases.

7

Lower bound

In this section, we give an Ω(D + n/ log n) rounds lower bound for distributively computing the weighted
girth under the CON GEST model, based on the reduction technique from [16]. The lower bound result
of distributively computing the weighted girth is concluded in Theorem 3.
Theorem 3. For some weighted graph with n vertices and hop diameter D, any distributed algorithm
for computing the exact weighted girth needs at least Ω(n/ log n + D) rounds under the CON GEST
model. This bound holds for both randomized and deterministic algorithms.
First we give the definition of two-party communication complexity, which was introduced by Yao
in [21]. Then we will construct a graph and reduce a basic two-party communication complexity problem
to the weighted girth problem.
Definition 1 (Two-party communication complexity [22]). We are given two players Alice and Bob
with arbitrary input strings a and b, respectively. They want to compute a function h of a and b with
error probability at most ǫ. Let Aǫ denote the set of two party algorithms for computing the function.
Let A ∈ Aǫ be an algorithm to compute h. Let Rǫcc (A(a, b)) denote the number of bits that Alice and
Bob need to exchange on inputs a and b using A. We define
Rǫcc (h) = min max Rǫcc (Aǫ (a, b))
A∈Aǫ a,b

as the minimum number of bits exchanged by any algorithm for computing h.
We will construct a graph given input strings a and b in Definition 1, and then reduce a well studied
problem called set disjointness to our problem.
Definition 2 (Set disjointness). The set disjointness function DISJk : {0, 1}k × {0, 1}k → {0, 1} is
defined as
(
0, a[i] = b[i] = 1 for some i in [0, k − 1],
DISJk (a, b) =
1, otherwise.
Lemma 8 (Example 3.22 of [22]). For any sets a ∈ {0, 1}k and b ∈ {0, 1}k , the communication
complexity for computing DISJk is Ω(k), i.e., Rǫcc (DISJk ) = Ω(k).
The connection between the two-party communication complexity and the round complexity of distributed graph problems is given in Lemma 10. We first define the “cut” of the graph used in the
lemma.
Definition 3 (Cut [16]). Given a graph G = (V, E), a cut (Gl , Gr , Ck ) is a partition of G into two
disjoint subgraphs Gl and Gr and a cut-set Ck ⊆ E. Let ck denote the size of the cut-set. Ck consists of
ck = |Ck | edges whose endpoints are in different subsets of the node-partition.
Now for any graph G and cut (Gl , Gr , Ck ), we define a two-party communication problem f ′ ((Gl , Ck ),
(Gr , Ck )) := f (G), where f (G) is a graph problem. When computing f ′ ((Gl , Ck ), (Gr , Ck )), Alice will
get input (Gl , Ck ) and Bob will get input (Gr , Ck ). Then we can get the following Lemmas 9 and 10.
Lemma 9 (Lemma 4.1 of [16]). The function f ′ can be reduced to f .
Lemma 10 (Theorem 4.1 of [16]). Let B > 1 be the number of bits each edge can transfer in each
round, f (G) be a function on graph G and f ′ ((Gl , Ck ), (Gr , Ck )) be a function derived from f (G) as
described above, and then we have
Rǫcc (f ′ )
6 Rǫdc (f ),
2ck · B
where Rǫcc (f ′ ) is the communication complexity for computing f ′ , Rǫdc (f ) is the distributed round complexity for computing f .
Now we need to construct the graph for proving the lower bound of distributively computing weighted
girth. Construct a graph G with two parts Gl and Gr , where each part consists of 2k(n) vertices, where
https://engine.scichina.com/doi/10.1007/s11432-020-2931-x
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Figure 4 In this example, k(n) = 2, a = [0, 0, 1, 1], b =
[1, 0, 0, 1]. So we connect L0 and L2 with weight W ′ , connect
L1 and L2 with weight W ′ , connect L0 and L3 with weight W ,
connect L1 and L3 with weight W . Gr is constructed via b in
the same way. Since a[3] = b[3] = 1, it means a and b are not
disjoint and there is a cycle (L1 , L3 , R3 , R1 ) with the minimum
weight 2W + 2 formed by dotted lines.

W'
W

W

W
W'
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R3

Figure 5 In this example, a cycle of weight 4W is formed by
four dotted edges in Gl . It is the minimum weight cycle that
can be formed in Gl .

k(n) = ⌊ nc ⌋ (c is a constant). We define the vertices in Gl as L0 , L1 , . . ., L2k(n)−1 and the vertices in
Gr as R0 , R1 , . . ., R2k(n)−1 . For each pair of Li and Ri , we add an edge with a weight equal to 1. In
addition, we add sets A and B of vertices connected to L0 and R0 , each of them is a path that consists
vertices, and the weights of edges between these vertices are 1. We can also connect these
of n−2k(n)
2
vertices to each of Li and Ri to reduce the diameter if we need. But here we only connect these vertices
into two paths for the sake of simplicity.
Then we are going to reduce the communication complexity problem to the weighted girth problem on
2
2
this graph. For given sets a ∈ {0, 1}k(n) and b ∈ {0, 1}k(n) , Alice uses a to construct Gl and Bob uses b
to construct Gr . If a[i] = 1, we add an edge (Lu , Lv ) with w(Lu , Lv ) = W > 2, where u = (i mod k(n))
and v = (k(n) + ⌊i/k(n)⌋). If a[i] = 0, we add an edge (Lu , Lv ) with w(Lu , Lv ) = W ′ , where W ′ = 2W .
The same construction is applied to Gr by Bob with input b. An example of this graph is illustrated in
Figure 4.
In order to prove the lower bound of computing the weighted girth, as mentioned above, we need to
reduce the set disjointness problem to the weighted girth problem. Lemma 11 shows that whether the
inputs a and b are disjoint or not correspond to the different weights of cycles.
2
Lemma 11. For a graph G constructed by Alice and Bob with input sets a, b ∈ {0, 1}k(n) , we have a
function g(G, a, b) that computes the weighted girth:
g(G, a, b) =

(

2W + 2,
DISJk(n)2 (a, b) = 0,
> 2W + 2, DISJk(n)2 (a, b) = 1.

Proof. From the graph construction, we know that there are several ways to form a cycle. We discuss
these cases as follows.
Case 1. The cycle is formed by edges in Gl or Gr . In this case, the cycle only consists of edges (Li , Lj )
(or (Ri , Rj )) where i < k(n) and j > k(n). From the graph construction, if a[(j − k(n))k(n) + i] = 0, it
means there is an edge between Li and Lj with w(Li , Lj ) = W ′ , and otherwise w(Li , Lj ) = W . In this
case, we need at least 4 edges (Li , Lj ) to form a cycle. Since W ′ = 2W , the weight of this cycle is at
least 4W . An example is illustrated in Figure 5.
Case 2. The cycle is formed by edges in Gl , Gr and Ck . In this case, the cycle consists of vertices
Li , Lj in Gl and Ri , Rj in Gr . According to the construction of our graph, if a[(j − k(n))k(n) + i] = 0
and b[(j − k(n))k(n) + i] = 0, we have a cycle with weight 2W ′ + 2. If a[(j − k(n))k(n) + i] = 0 and
b[(j − k(n))k(n) + i] = 1, or a[(j − k(n))k(n) + i] = 1 and b[(j − k(n))k(n) + i] = 0, we have a cycle with
weight W ′ + W + 2. If a[(j − k(n))k(n) + i] = 1 and b[(j − k(n))k(n) + i] = 1, we get the minimum weight
cycle with weight 2W + 2.
From the above, if there exists a[i] = b[i] = 1, we get a cycle with weight 2W + 2. Since W ′ = 2W > 4,
the weights of all the other cycles in the graph are greater than 2W + 2. From Definition 2, we conclude
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that g(G, a, b) = 2W + 2 if and only if DISJk(n)2 (a, b) = 0 and g(G, a, b) > 2W + 2 if and only if
DISJk(n)2 (a, b) = 1.
Proof. (Proof of Theorem 3) Given the graph constructed on inputs a and b, from Lemma 11 we know
that we can compute DISJk(n)2 by distinguishing whether there is a cycle of weight 2W + 2 or not, which
means that the problem of set disjointness is reduced to our problem successfully. From Lemma 10,
we have Rǫcc (DISJk(n)2 (a, b))/(2ck · B) 6 Rǫdc (g(G, a, b)) where ck = 2k(n) = O(n) and B = O(log n).
Then we have Rǫdc (g(G, a, b)) > Ω(n/ log n). Therefore we can get that the lower bound for distributively
computing the exactly weighted girth is Ω(n/ log n + D) rounds.
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Conclusion

In this paper, we propose an O(n log2 n) rounds distributed randomized algorithm for computing weighted
girth in the CON GEST model. The lower bound we constructed means the upper bound is optimal within
a factor of O(log3 n). The algorithm is a randomized algorithm and it only focuses on weighted undirected
graphs. For directed graphs, our algorithm cannot guarantee the round complexity. The reason is that
Condition 1 of the bounded BFS algorithm is changed and the algorithm does not terminate when the
condition occurs. In directed graphs, a vertex v visited by a bounded BFS twice cannot determine
whether a cycle has been found. In this case, v needs to deliver messages to its neighbors so that a tricky
problem comes back to us. How to handle the congestion if we parallel n bounded BFSs? Although we
have some methods to let messages be delivered in the graph without congestion, the round complexity
will be too high for us.
For deterministic algorithm, we have not found a deterministic algorithm that can schedule the bounded
BFS in an acceptable round complexity. How to design such an algorithm is the main future work for us.
In addition, it is very interesting to apply our algorithm in planar graphs, which have many properties
that might be helpful for us to speedup the algorithm even bypass the lower bound of the general graph.
Finally, implementing the distributed algorithm in the dataflow model might be also an interesting future
work [23].
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